GEOMETRY OF DELIGNE COHOMOLOGY 



PAWEL GAJER 



The aim of this paper is to give a geometric interpretation of holomorphic and 
smooth Deligne cohomology. Before stating the main results we recall the definition 
and basic properties of Deligne cohomology. 

Let X be a smooth complex projective variety and let be the sheaf of germs of 
holomorphic r-forms on X. The gth Deligne complex of X is the complex of sheaves 

where Z,{q) = (27r\/— 1)'^Z C C, and is the constant sheaf on X associated 

with the group Z(g). The hypercohomology M* (X , 7j{q) £>) of the complex ^^[q)^ is 
called the Deligne cohomology of X. Our basic reference for Deligne cohomology is 



|EV|. 



One of the key properties of Deligne cohomology is that for every p > 1 the group 
IPp{X,Z{p)d) is the extension 

(1) JP{X) M'^iX, Z{p)d) H^^^iX) 

of the group H^'^{X) of integral (p, p)-classes of X by the the pth intermediate 
Jacobian JP{X) of Griffiths. For p = 1 the group ]HI^(M, Z(l)£)) is isomorphic 
to the first cohomology group i/^(03f) sheaf of germs of non- vanishing 

holomorphic functions on X, and the sequence (||) reduces in this case to the classical 
short exact sequence 

(2) J{X) H\X,0\) h'/{X) 

It is well known that the group H^{X,0'^) is isomorphic to the group CH^{X) of 
divisors of X modulo rational equivalence, the Jacobian J{X) is isomorphic to the 
group CH\^,^{X) of rational equivalence classes of homologous to divisors of X, 
and {X) is the image of the cycle map CH^{X) H'^(X;'L). One would like 
to have a similar cohomological description of the groups CH'p[X) of codimension 
p cycles of X modulo rational equivalence, for p > 1, together with an analogous to 
^ short exact sequence completely describing the image h'^^^^X; Z) and the kernel 
CH^^^{X) of the cycle homomorphism 

(3) CHP{X) HP;P{X). 
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Deligne cohomology can be thought as a step in this direction. Indeed, the cycle 
homomorphism hfts to a homomorphism 

so that the diagram 

^ CHIJX) ^ CHPiX) ^ HlflX; Z) — 



AJ 







JPiX) 



■M^p{X,Z{p)d) 



ttP'P/ 







JP{X) is the Abel-Jacobi homomorphism. 



commutes, where AJ : CH^^^^{X) 

Another important property of Dehgne cohomology is the existence of character- 
istic classes, called "regulators", 

cn,p : K'^{X) U^P~^{X-Z{p)n) 

from the algebraic -fC- groups of X into the Deligne cohomology of X, which gener- 
alize the classical Chern classes of holomorphic vector bundles. Several important 
conjectures of arithmetic algebraic geometry are formulated in terms of these regu- 



lators |Be|, |RSS |. 



The second degree Deligne cohomology groups 
geometric interpretations. 



have the following 



]HI^(X; Z(0)£)) is the ordinary second cohomology group H'^{X;7j) of X that 
can be identified with the group of smooth principal C*-bundles over X. 
M."^ {X ; Z,{1) £)) is isomorphic to the group H^{0'^) of isomorphism classes of 
holomorphic principal C*-bundles over X. 

M'^{X; Z(2)£)) is isomorphic to the group of isomorphism classes of holomorphic 
principal C*-bundles over X with holomorphic connections. 
For every q > 2 the group E[^(X; Z{q)£)) is isomorphic to the group of isomor- 
phism classes of holomorphic principal C*-bundles with flat connections over 
X. 



Thanks to the above description of the groups EI^(X; Z(g)£)) the geometric struc- 
ture of regulators, cycle homomorphisms, and Abel-Jacobi homomorphisms has been 
completely understood in the case of divisors. It is expected that a geometric inter- 
pretation of higher degree Deligne cohomology will lead to a better understanding 
of regulators, cycle homomorphisms, and Abel-Jacobi homomorphisms for cycles of 
codimension greater than one (see ||Br2| ). J-L. Brylinski and P. Deligne found a geo- 
metric description of the groups ]H'^(X; Z(3)/)) in terms of holomorphic gerbes with 
connective structure and curving (see |Bn|). The main drawback of this description 
is that it very difficult to generalize to higher degrees. In this paper we show that 
for every q >0 and p > 2 the Deligne cohomology groups E[P(X; Z(g)£)) and the in- 
termediate Jacobians J^(X) have geometric interpretations naturally extending the 
geometric description of the groups M."^ {X ; Ij{q) d) and the classical Jacobian J{X) 
(see Theorem D). In particular, for every smooth complex projective variety X we 
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give a geometric interpretation of the short exact sequence (||) that generahzes the 
classical diagram. 



J{X) 



iso. classes of 
topologically 

trivial 
liolomorphic 
C*-bundles 
over X 



iso. classes of 
holomorphic 

principal 
C*-bundles 
over X 



Hl:\x) 



iso. classes of 
smooth principal 
C*-bundles over X 
admitting 
holomorphic 
structures 



The description of geometry of holomorphic Deligne cohomology will be preceded 
by a discussion of a geometric interpretation of a smooth counterpart of Deligne 
cohomology. The smooth Deligne cohomology of a smooth manifold M is the hyper- 
cohomology E[*(M, Z(g)^) of the gth smooth Deligne complex of M, which is the 
complex of sheaves 



D 



Z{q) 



M 



A' 



M,C 



where is the sheaf of germs of smooth differential n- forms on M, and A\jq = 
A\j ® C. Smooth Deligne cohomology groups, similarly to odrinary Deligne coho- 
mology groups, are extensions of ordinary cohomology groups. Moreover, they can 



be identified with Cheeger-Simons differential characters groups [CS|. Our basic 
reference for smooth Deligne cohomology and the pertinent homological algebra of 
sheaves is [ prl| . 

Degree two smooth Deligne cohomology groups have similar to holomorphic Deligne 
cohomology groups geometric interpretations with smooth principal C*-bundles and 
smooth connections taking place of holomorphic line bundles and holomorphic con- 
nections. The short exact sequence (|l]) has the following two counterparts 

Al-\M) 



(4) 







and for p < q 



(5) 



HP-^{M, C) 



MP(M,Z(p)g) — > HP{M,Z) 







]HP(M,Z(g)g) — > Tors HP{M,Z) — > 



TF 



where A^ ^(M) is the group of C-valued (p-l)-forms on M, A^ ^{M)q is the sub- 
group of A^^{M) consisting of closed (p-l)-forms with integral periods, the group 
HP{M,Z)j,p is the image of HP{M,Z) in HP{M,C), and Tors HP{M,Z) is the tor- 
sion part of the group HP(M,Z). For p = 2 these sequences have the following 
geometric interpretations. 
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Proposition A. For every smooth manifold M there is a commutative diagram 



AUM)o 



f iso. classes of 
\ connections on 
[C* X M ^ M 



HAf,Z(2)^) 



iso. classes of 
smooth principal 

C*-bundles 
with connections 
over M 



■H^{M, Z) 



{iso. classes of 
smooth principal 
C*-bundles 
over Af 



with exact rows and the vertical arrows isomorphisms. 

Proposition B. For every smooth manifold M and every q > 2 there exists a 
commutative diagram 



iso. classes of 
flat connections 

.on C* X M -> 



^(M,Z(g)^) 



{iso. classes of 
smooth principal 
C*-bundles with 
flat connections 
over M 



Torsff2(M, Z) 



iso. classes of 
smooth principal 
C*-bundles 

over M 
admitting 
. flat connections - 



with exact rows and the vertical arrows isomorphisms. 

Smooth Deligne cohomology is a natural framework for formulation of the Weil- 
Kostant Integrality Theorem (see Theorems 2.2.14 and 2.2.15 in [ prl| ), which is 
essentially equivalent to the following result. 

Proposition C. For every smooth manifold M there is a commutative diagram 
^H\M,C*) ^H2(M,Z(2)g) ^Al{M)o ^0 



iso. classes of 
flat connections 
on smooth 
principal 
C*-bundles 
over M 



iso. classes of 
smooth principal 
^*-bundles with 
connections 
over M 



curvatures of 
connections 
on smooth 
principal 
C*-bundles 
over M 



with exact rows and the vertical arrows isomorphisms. 



Later on we will describe higher order analogues of the Weil-Kostant Integrality 
Theorem. 

Since Z(0)^ = 'Z{0)d = '^m both smooth and holomorphic Deligne cohomology 
specialize to ordinary cohomology. Therefore, a geometric interpretation of Deligne 
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cohomology induces a geometric interpretation of ordinary cohomology. Actually, it 
is natural to start from a geometric description of ordinary cohomology, and then 
enhance it to get a geometric model of smooth and holomorphic Deligne cohomology. 
We proceed as follows. 

The interpretation of (M, Z) as the group of isomorphism classes of smooth 
principal C*-bundles over M comes from the isomorphism 

H\C'm)^H^M,Z), 

given by the coboundary homomorphism in the cohomology long exact sequence 
associated with the exponential short exact sequence 

^ ^^^'> Cm — ^2L^, > 

where for any Lie group G the symbol Gj^ stands for the sheaf of germs of smooth 
G- valued functions on M. 

A geometric interpretation of the groups HP{M,Z), for p > 2, is derived from a 
generalized exponential sequence, which is constructed as follows. For every s > 1, 
the iterated classifying space of the group C* 

B'C* = B{B{---B{C*)---)) 
' 

s times 

can be equipped with a differentiable space structure so that the homomorphisms 
in the short exact sequence 

— > B'~^C* — > EB'~^C* — > B'C* — > 

are smooth maps. The composition of these short exact sequences induces an acyclic 
resolution of the group Z 

— >Z — >C — > EC* — > EBC* — > EB'^C* — > > EB"C* — ^ ■ • • 

which in turn induces an acyclic bar resolution of the sheaf 

— > Zj\^ — >■ Cj^ — > EC*M — > EBC \^ — > EB^j^ — > ■ ■ ■ — > EB^C \^ — > • • • 

where EB'^C ^^ stands for the sheaf of smooth £^B"'C*-valued functions on M. The 
bar resolution of Zj^ is a special case of a construction that assigns to a sheaf an 
acyclic resolution of 

— ^J^ — ^EJ^ — > EBJ^ — ^ EB'^J' — ^ ^ EB'^J' — ^ • • ■ 
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The truncation of the bar resolution of the sheaf "Lj^j in degree p — 2 induces the 
generalized exponential short exact sequence 



EBC 



M 



^ *" Cm 

We show that the coboundary homomorphism 

5 : H\ BP-'c Ij) = H^-\E^lA-p + 2]) H^iZ^) 

in the cohomology long exact sequence associated with the generalized exponential 
sequence is an isomorphism. Since H^i Bf^'^C *^^) is isomorphic to the group of iso- 
morphism classes of smooth principal i?^^^C*-bundles over M, we get the following 
result. 

Theorem H. For every smooth manifold M the group HP{M; Z) is isomorphic 
to the group of isomorphism classes of smooth principal B^^'^C* -bundles over M. 

Theorem H can be viewed as a generalization of J. Giraud's result that identifies 
H^{M;Z) with the group of equivalence classes of gerbes bound by (see | |Gir| and 
|Brlj , Theorem 5.2.8]). A correspondence between smooth principal SC*-bundles 
and gerbes bound by C^^ is explained in Appendix A. 

It is natural to expect that the groups Wf{M, Z{q)^) have a description in terms 
of connections on smooth principal i?P~^C*-bundles over M. Indeed, we show that 
for every s > 1 the group B^C* is equipped with a -B^C-valued i5*C*-equivariant 
connection 1-form that can be used to define connections on smooth principal B^C*- 
bundles. It turns out that for q > p the group I¥'{M,Z{q)'^) is isomorphic to 
the group of isomorphism classes of smooth principal i3^^^C*-bundles with flat 
connections over M. 

A connection 1-form on a smooth principal S*C*-bundle over M has higher degree 
analogues called ^-connections, k = 2,... ,s -|- 1, which are defined inductively 
so that a relationship between the (k + 1) and A:-connections is analogous to the 
relation between a connection on a principal i?''C*-bundle and a set of transition 
functions of this bundle. The relation of isomorphism of principal C*-bundles with 
connections can be generalized to an equivalence relation on the set of -B^C*-bundles 
with A;-connections such that for every p > 2 the smooth Deligne cohomology group 
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]HP(iVf, Z(p)^) is isomorphic to the group of equivalence classes of smooth principal 
i?P^^C*-bundles with /c-connections, k = 1, . . . ,p — 1, over M. 

The following two theorems give a geometric interpretation of the short exact 
sequences (^) and (^. 

Theorem A. For every smooth manifold M and every p >2 there is a commutative 
diagram 



0- 



Al-\M), 



equivalence classes 

of fc-connections 
k = 1,2, ... ,j3-l 
on the trivial 
BP-2C*-bundle 
over M 



.HP(Af,Z(p)-) 



HP{M,Z) 



equivalence classes 
of smooth principal 

BP-2c*-bundles 
with fc-connections 

k = l,...,p-l 
over M 



iso. classes of 
smooth principal 
BP-2C*-bundles 
over M 



with exact rows and the vertical arrows isomorphisms. 

Theorem A generalizes the description due to J-L. Brylinski and P. Deligne of the 
smooth Deligne cohomology group E[^(M, Z(3)^) in terms of equivalence classes 
of gerbes bound by C%j with connective structures and curving (see prl[| ). A 
procedure associating with a connection on a smooth principal i?C*-bundle E 
M a connective structure on the associated with E ^ M gerbe is described in 
Appendix A. 

Theorem B. For every smooth manifold M and every q > p > 2 there exists a 
commutative diagram 



HP-\M,Z)^p 



iso. classes of 
flat connections 
on the trivial 
BP-2c*-bundle 
over M 



■HP(M,Z(q)= 



Torsi/P(A/,Z) 



iso. classes of 
smooth principal 
BP-2C*-bundles 

with 
flat connections 
over M 



iso. classes of 
smooth principal 
BP-2C*-bundles 
over M 
admitting 
flat connections 



with exact rows and the vertical arrows isomorphisms. 
To an equivalence class [E,uji, ... ,iOp-i] of a smooth principal i?P^^C*-bundle 



E ^ M with fe-connections —uJi, 



_l)P-i 



one can assign a scalar curvature 



s{[E,uji, . . . ,ujp^i]) = ^dup^i, 

which is a C- valued differential p-form on M. We show that, if the scalar curvature 
of [E,uJi, . . . ,tOp-i] is zero, then the sequence {E,u;i, . . . ,ujp-i) is equivalent to a 
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unique up to isomorphism sequence {E, uj',0, ... , 0) with —u' being a fiat connection 
on E ^ M. This gives a geometric interpretation of the short exact sequence 

— > HP-\M,C*) — > MP{M,Z{p)'S) — > ^£(M)o — > 0. 



Theorem C. For every smooth manifold M and every p > 2 there is a commutative 
diagram 



■HP-\M, C* 



iso. classes of 
flat connections 
on 

smooth principal 
BP-2c*-bundles 
over M 



■Hf(M,Z(p)g') 



equivalence classes 
of smooth principal 

BP-2C*-bundles 
with fc-connections 

k = l,...,p- 1 
over M 



.^g(M)o 



scalar curvatures 
of smooth principal 
BP-2C*-bundles 
over M 



-^0 



with exact rows and the vertical arrows isomorphisms. 

The above diagram shows that scalar curvatures are closed forms with integral 
periods, and that every closed form with integral periods is a scalar curvature of 
a connection on a smooth principal S*C*-bundle. This generalizes the classical 
Weil-Kostant Integrality Theorem. 

If one considers in the place of the smooth Deligne complex 



M 



■M,C 



M,C 



the complex 



Z(g) 



M 



iA\ 



M,C 



where i = a/^, then the hypercohomology groups of the last complex have essen- 
tially the same geometric interpretation as I¥'{M,Z{p)^), with the only difference 
being that one has to replace everywhere C* by the unit circle. 

As was mentioned before the groups M'^ {X , 7j{q) d) and ]HI^(M, Z(g)'g') have sim- 
ilar geometric descriptions, with the only difference being that EI^(M, Z(g)g') is 
described in terms of smooth principal C*-bundles and smooth connections and 
1HI^(X, Z(g)£)) is described in terms of holomorphic principal C*-bundles and holo- 
morphic connections. Exactly the same phenomenon takes place in higher degrees. 
We define holomorphic principal i?*C*-bundles and holomorphic /c-connections on 
them and prove the following holomorphic analogue of Theorem A. 
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Theorem D. For every smooth complex projective variety X and every p >2 and 
q > the group W{X,Z{q)D) is isomorphic to the group of equivalence classes of 
holomorphic principal B^~'^C* -bundles over X with holomorphic k- connections, for 
k = 1,2, . . . ,q — 1. Moreover, there is a commutative diagram 



0- 



JP{X) 



equivalence classes 
of holomorphic 
fc-connections 
k^l,2, ... ,p-l 
on the topologically 
trivial, holomorphic 
B2(P-i)C*-bundles 
over X 



■m^p{x,z{p)D) 



equivalence classes 
of holomorphic 
principal 
B2(P-i)C*-bundles 
with fc-connections 
fc = 1, . . . ,p- 1 
over X 



iso. classes of 
smooth principal 
B2(P-i)C*-bundlcs 
over X, admitting 
holomorphic 
structures 



with exact rows and the vertical arrows isomorphisms. 

The paper is organized as follows. In Section 1 we define a differentiable space 
structure on B^C* for every s > 1. In Section 2 we discuss bar resolutions of 
sheaves. Section 3 is devoted to smooth principal S'^G-bundles. There we show 
that for every smooth manifold M the group H^{M; Z) is isomorphic to the group 
of isomorphism classes of smooth principal i?^~^C*-bundles over M. In Section 4 
we study connections on smooth principal -B^G-bundles and prove Theorem B. In 
Section 5 we define /c-connections and prove Theorems A and C. In Section 6 we 
prove Theorem D. In Appendix A we discuss correspondence between i?C*-bundles 
with connections and gerbes with connective structures. Appendix B has been 
included for the convenience of the readers not familiar with the geometric bar 
construction. In this appendix we review basic properties of the geometric bar 
construction, and discuss a geometric meaning of the relations appearing in the 
standard definition of the classifying space BG. 
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1. Differentiable structures on EB^G and B^^^G 

In this section we define for any abelian Lie group G a differentiable space struc- 
ture on the spaces EB^G and B^~^^G for every s > 1. For the definition and basic 
properties of the geometric bar construction we refer the reader to Appendix B. 
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Let M. be a simplicial smooth manifold. That is, M. consists of a family {M„}„gp} 
of smooth manifolds, together with smooth maps 

di-.Mn^Mn-l, Si-.Mn^Mn+l, 

where i = 0, 1, . . . , n, satisfying the identities 

didj = dj^idi for i < j, 
SiSj = Sj+iSi for i < j, 



diSj 



Sj-^idi for i < j, 
\A\m„ for i = j,j + l 
Sjdi^i for i > j + 1 



The geometric realization \M.\ of M. is the quotient space of the disjoint union 

]J A" X M„ 

n>0 

with respect to the equivalence relation ~ generated by the relations 

m) ~ (x, (?im) for (x, m) G A"^^ x Mfj, 
{s^ X , m) {x , SiUi) for (x, m) e A"+"^ x M„, 

where the maps (9* : A"^"*^ A" and : A"^"*^ ^ A" are defined in the baricentric 
coordinates by 

d\xo, . . . ,Xn-l) = (xq, . . . ,Xi-i,0,Xi, . . . ,Xn-l), 

S*(xo, . . . ,Xn+l) = (XO, ■ ■ ■ ,Xi-l,Xi + Xi+i,Xi+2, ■ ■ ■ ,X„+l). 

A dijferentiable space structure on the geometric realization |M.| of M. consists 
of the class of all smooth M- valued functions on |M.|. We say that a function 
/ : \M.\ — > R is smooth if the composition 



II A" X M„ 

n>0 



IM.I 



/ 



is smoothQ, where q is the quotient map. Equivalently, a smooth M-valued function 
on \M.\ is given by a family of smooth maps : A" x M„ — > R such that for every 
n > the following two diagrams commute 



A" X Mr, 

d'xid 



r 



A 



rt-1 



X M 



" idxdi 



. n— 1 



X M„_i 



A*" X M„ ■ 

s'x id 

A "+i X Mr, 



idxsi 



A"+i X M, 



n+1 



map 5 : A" X M„ 



is smooth at x £ 9A" x M„ if there is an open neighborhood of x in 



//" X M„, where H" = {(a;o, . . . ,a;n) G 
restricted to J7 fl (A" x M„) coincides with 



^Xi = 1}, and a smooth function g : U 



which 
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Let M and are differentiable spaces (that is M and N are spaces equipped with 
the appropriately defined classes of smooth functions). Then a map f : M ^ N 
is called a smooth map if for every smooth function g : N ^ M the composition 
^o/iM— >]Risa smooth map. 

It is easy to see that if /. : M. N. is a simplicial smooth map between simplicial 
smooth manifolds M. and N., then /. induces a smooth map |/.| : \M.\ — > |A^.| 
between the geometric realizations of M. and N. respectively. 

Example 1.1. With every Lie group G there are associate simplicial smooth man- 
ifolds G., EG., and BG. with simplicial smooth maps 

G. — > EG. — > BG. 

whose geometric realizations give a universal principal G-bundle 

G — >EG — >BG 

Thus, the inclusion G — > EG and the projection EG — > BG are smooth maps. 



Lemma 1.1. Let V be a vector space over a field k. Then EV and BV , taken with 
respect to the additive group structure of V , are k-vector spaces with respect to the 
following multiplication by scalars 



ti,--- ,tn,Vo[vi\ ■■■ \Vn]\ = \tl,--- ,tn,CVo[cVi\ ■■■ \cv„] 
tl, • • • ,tn, [Vl\ ■■■ \Vn] \ = \tl, ■■■ ,tn, [cVi\ ■ ■ ■ |cu„]| 



kx EV ^ EV, c • 
kx BV ^ BV, a- 

Moreover, the projection EV — > BV is a linear map. 



The proof of Lemma |1.1| is an easy exercise which we leave for the reader. 

Example 1.2. Let y be a separable C- vector space. It is easy to see that the 
homomorphism 

n 

I : EV — > V, l{\xo, ... ,Xn,Vo,... ,Vn\) = y^^XjVj 

i=0 

is a splitting of the short exact sequence 

— >V — > EV — > BV — >0 

We will show that I : EV — > y is a smooth map. 

Let Co, . . . , e„, . . . be a base of V and let 7r„ : F — > C be the projection on the 
subspace span by e„. To prove smoothness of I : EV — > V it is enough to show 
that for every A; > the composition 

EV — ^ V C 

is smooth. But 

n n n 

7rk{l{\xo, . . . ,Xn,Vo,... ,Vn\)) = TTk(^XiVi) = (^XiVi,ek) = '^Xi < Vi,ek > 

i=0 1=0 i=0 

is a smooth map on EV. Hence I : EV — > V is smooth. 
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Let G be an abelian Lie group. A differentiable space structure on EB^G and 
B^^^G, for s > 1, is defined by the following inductive procedure. 

Suppose we have a notion of a smooth function on B^G as well as on each product 
X (B^G)"^ for k,m> 0. Then / : EB^G ^ M is smooth if the composition 



U A" X EB'G — ^ 

ra>0 

is smooth and / : B^^^G ^ M is smooth if the composition 



U A" X B'+^G 

n>0 

is smooth. A function / : A'^ x (B^'+^G)™ ^ M is smooth if the composition 

A'^ X ( U A" X "^''^^''^'") A'^ X (B'+^G)'"^ — ^ M 

n>0 

is smooth. 

Directly from the above definition of differentiable structures on B^^^G and 
EB'^G it follows that all maps in the short exact sequence 

— > B'G — > EB'G — > B'+^G — > 

are smooth. It is also not difficult to see that the map 

B'G X B'G — > B'G, {g, h) ^ gh'^ 

is smooth. 

A group G earring a differentiable space structure so that the map 

GxG^G, {g,h)^gh'^ 
is smooth is called a differentiable group. 

Example 1.3. For every differentiable group G, there is a smooth deformational 
retraction r : EG x / — > EG of EG to e G EG which is a minor modification of the 
standard contraction from [Mm|. In particular, if G = B^C* , then for every s > 1 
there is a smooth deformational retraction r : EB^C* x / — > EB^C*. 

The map r is represented by the family of maps 

rn : iEG)n X I {EG)n+l, 

where 

{EG)n = qEillA^ X G'+^) C EG, 

i<n 

and r„ is defined by the formula 

r„(|ti, ...,tn, ho[hi\ . . . \K]\,t) = |^>(0, t), ^{ti,t), <^{tn,t), [ho\hi\ . . . \K]\, 
where <I> : [0, 1]^ —>■ [0, 1] is the composition 

<I>(x, t) = (/>(min(l, X + t)) 
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with (f) : [0, 1] — [0, 1] being a smooth nondecreasing function so that 0(0) = and 
0(1) = 1. 

The contraction r : EG x / — ^ EG is a smooth map, because for every smooth 
function g : EG — > M the diagram 



EG X 7 



n+1 



X G 



n+2 




commutes, where 

f„ : (A" X G"+^) X / — ^ A'^+i X 0"+^ 
is a smooth map defined by the formula 

rn{ti,...,tn,ho,hi,...,hn,t) = {^{0,t),^{ti,t), . . . ,^tn,t),e,ho,hi, . . . ,hn). 

Lemma 1.2. Suppose M is a smooth manifold and G is a differentiable group. If 
f : M BG is a map so that for every x £ M there is an open neighborhood U of 
X in M so that f restricted to U is of the form 

f = |/o,/l! • • • ,fn, bll • • • \9n]\ 

with /o, /i, • • • , fmdiT ■ ■ ,9n being smooth maps, then f is a smooth map. 



Proof. Suppose g : BG 
composition 



is a smooth map. Thus, for every n > 1 the 



A" X G" ^ 



is smooth. Consider the commutative diagram 

/ 




BG 



where / = (/o, /i, . . . , /n,5i, • • • ,9n)- Since both / and Qb o 9 are smooth, the 
composition fog = foqBog\s smooth as well. Thus f : M ^ BG is a smooth 
map. □ 



2. Bar resolutions of sheaves 

The key to the geometric interpretations of the cohomology groups from Theorems 
A, B, C, and D is the following construction of a bar resolution of a sheaf. 

Let G be an abelian group. The composition of the short exact sequences 

(6) — > B^'G — > EB^'G — > B^'+^G — > 
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induces the long exact sequence 

(7) — >G — >EG ^ EBG ^ EB^G ^ • • • ^ EB^'G ■ ■ ■ 
where for every n > the homomorphism 

a : EB^G — > EB^'+^G 

is the composition 

EB^'G — > B^+^G — > EB^'+^G 
of the surjection EB^G B'^^^G and the monomorphism B'^'^^G EB'^^^G. 



If G is an abehan Lie (or differentiable) group, then, as we saw in Example 1.1 
the short exact sequence (|6|) is a smooth S^G-extension of B^~^^G (that is both 
B^G — > EB^G and EB^G — > B^^^G are smooth homomorphisms). Hence, the 
long exact sequence (^) induces the long exact sequence of sheaves 

(8) — > Gjv/ — > EG j^j EBG EB'^G j^j • • • EB^^G j^j • • • 

which will be called the bar resolution of the sheaf G^y^. 

Proposition 2.1. The sequence 1^ is an acyclic resolution of the sheaf Gj^j. 

Proof. It is enough to show that for every differentiable group G the group 
H^{EG_m) is trivial, for every i > 0. 

Recall, that a sheaf on X is soft if for every closed subset Z of X the restriction 
map J~{X) — > T{Z^ is a surjection. If X is a paracompact space and is a soft 
sheaf on X, then B\X;T) = for alH > (see |BrT| , Theorem 1.4.6] ). 



Lemma 2.2. For every differentiable group G the sheaf EG r^^ is soft. 

Proof. Let Z he a close subset of M and let az be a section of EG r^^ over Z. By 
the definition of a section of a sheaf over a closed set there is an open set U D Z 
and an extension au of az to U. Since M is paracompact, there is a neighborhood 
V oi Z such that V d U . The extension a of ajj (and hence also az) to a global 
section of EG_^,j is given by the formula 

a{x) = r{au{x),tp{x)), 

where r : EG x / — > EG is the deformational retraction from Example ^]^.B and 
ip : M ^ [0, 1] is a smooth function equal to 1 on y and equal to on M — [/. □ 

A bar resolution of the sheaf A\j of germs of smooth differential /c-forms on 
M is constructed as follows. Let A^T*M be the kth exterior power of the cotan- 
gent bundle T*M of M and let EI\^T*M and Bh^T*M be the associated with 
h^T*M bundles with fibers over x £ M equal to E{K^T*M) and B{I\^T*M) re- 
spectively. The groups E{A^T*M) and B{A^T*M) carry vector spaces structures 



as in Lemma 1.1 



Let EA\j and BA!1^j be the sheaves of germs of smooth sections of the vector 
bundles EAf'T*M and Bhf'T*M respectively. A section a of the sheaf EA\^ over 
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U C M is of the form 

a = |/o, • • • , fn,ao, ... ,an\, 
and a section /? of the sheaf BA\,i over U is of the form 

/5 = |/o> • • • 5 /n, [/3o : • • • '■ Pn]\-, 

where • • • ) Po, ■ ■ ■ , Pn are smooth differential fc-forms on U and {/j}"=o ^ 



smooth partition of unity on U. The group of section of the sheaf EA\r over an 



open set U C M wiU be denoted by T{U,EA'lj). Similarly, T{U,BA'lj) stands for 
the group of sections of BA\i over U . 

Since the sequence of vector bundles 

— > A^T*M — > EA''T*M — > BA''T*M — > 

is exact, the sequence of the groups 

TiU, A'm) TiU, EAli) r{U, BAI,) 

is exact, for every open subset U of M. Hence, the sequence of sheaves 

Q^Ai,^ EAii BAlt 

is exact. Similarly, if EB'^^^A\,i and B'^A\^ are the sheaves of smooth sections of 
the vector bundles EB^-^k^T*M and B^A^T*M respectively, then the sequence of 
sheaves 

B'-^Ali EB'-^Ali B'Aii 
is exact. The composition of these sequences induces a long exact sequence 

ifc . 

w ^ ■ ■ ■ 



(9) All EA\i ^ EBAii ^ • • • ^ EB'A'}^ 



where 



is the composition 



a : EB'Aii EB'+^AI^ 



EB'Air B'+^Air > EB'+^A\ 



The sequence (P) will be called the har resolution of the sheaf A\j. 

A bar resolution of an arbitrary sheaf on a space X, which is not necessarily a 
smooth manifold, can be defined as follows. 

Let ET and BT be the sheaves associated with the presheaves 

U ^ E{J^{U)) and U ^ B{J^{U)) 

respectively. Since the stalks of ET and BT at x S X are E{Tx) and B{Tx) 
respectively, where J^x is the stalk of the sheaf ^ at x, and the sequence 

^ .F, E{J^,) B{J^,) 

is exact, the sequence of sheaves 

— >J' — >EJ' — > BJ' — >0 
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is exact. Iterating the above bar constructions we get for every s > 1 the sheaves 
EB^~^J^ and B^J^ so that the sequence 

— > B'-^F — > EB'-'^T — > B'J' — > 

is exact. The composition of these sequences gives the har resolution of T 

— >T — >ET ^ EBT EB'^T ■ ■ ■ ^ EB'^T ■ ■ ■ 
The complex of sheaves 

B*{T): ET ^EBT ^EB'^T ^ ■■■ ^EB'^T ^ ■■■ 
wiU be called the har complex of T . 



An easy modification of the proof of Lemma 2.2 shows that the bar resolution 
of T is an acyclic resolution of J- . Therefore, the cohomology of T is equal to the 
cohomology of the cochain complex 

r(M, ET) r(M, EBT) r(M, eb'^t) ... ^ r(M, EB'^T) ... 

The above complex will be called the bar cochain complex of T and we will denote 
it by Cl(^T). 

Note, that the above construction applied to G^/ and produces resolutions 
of Gjv/ and that do not coincide with the resolutions (|^) and (^). In the sequel, 
when referring to bar resolutions of Gj^,^ or we will always mean the resolutions 
or @ respectively. 

The bar cochain complex C*^{G_j^i) of the sheaf is of the form 

C^{M,EG) ^ C'^{M,EBG) ^ ••• C'^{M,EB''G) ^ ... 

where 

a : C'=^{M,EB''G) — > G'^{M,EB''+^G) 

is the composition 

C'^{M,EB'^G) ^ C'^{M,B''+^G) ^ {M , E B^'^^ G) 

with TT : E{B^G) — > B(B^G) = B^^^G being the projection map of the universal 
principal i?"G-bundle and i : B"'^^G EB^^^G being the inclusion of the fiber 
into the total space of the universal principal i?""*"^G-bundle. 

In a sense, the bar cochain complex of the sheaf 

C°^{M, EZ) ^ G'^iM, EBZ) ^ ■■■ -^G'^iM, EB'^Z) . . . 

can be thought of as a smooth version of Karoubi's complex (see [|Kai|| ) 

Map(X,^G(D^)) ^ Map(X,^G(D2)) ^ ... ^ Map(X, ^G(D")) ^ ••• 

of the topological non-commutative differential forms on a space X, where AG(B") 
is the free abelian group on the disk D", and 

a, : Map(X,^G(D")) — > Map(X, ^G(]D)"+^)) 
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is a homomorphism induced by the composition of maps 

jjn — ^ W/dJT = 5" = dW'+'^ ^ ]D)"+^ 

From the functoriahty of the geometric bar construction it follows that the bar 
resolution of sheaves is functorial as well. Moreover, since for every short exact 
sequence of topological groups 

— — — — ^0 



the sequences 



and 



EK 



EG 



EH 







— ^BK — ^BG — ^BH 

are exact, every short exact sequence of sheaves 

— >£ — ^JT — >g — ^0 

induces a short exact sequence of complexes of sheaves 

— > B*{S) — > B*{J^) — > B*{g) — > 

Hence, every complex of sheaves J-* has an acyclic resolution given by the total 
complex Tot*(B*{J-'*)) associated with the double complex B*{J-'*). The cohomology 
of J-* is equal to the cohomology of the total cochain complex Tot*{G^{J-'*)). 

Example 2.1. The double cochain complex C^(^^) of the de Rham complex 



A* ■ 

is given by the diagram 



TiM,EAl,) 



M 



A'' 



M 



r{M,EBAl,) 



T{M,EAIj) 



r(M, EAl,) T{M, EBA%) 



■ r(M, EB'^Al 



MJ 



Note that the nth column of this double complex is the complex of global sections 
of the acyclic resolution 



EB''-^A^ 



M 



EB'^-^A^ 



M 



EE 



n-l 



Am 



of the sheaf EB^~^R j\^, where is the group M taken with the discrete topology. 
Therefore, the total complex of G^{A*m) is an acyclic resolution of the de Rham 
complex of M and the bar complex 



EBR 



M 



EB^M.f^^ 



EB' 
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of M^f • Thus, the bar complex of the de Rham complex of M plays a similar 
role to the Cech complex of A*j^j inducing an isomorphis between the de Rham 
cohomology of M and the sheaf cohomology of the constant sheaf . 

Remark 2.1. There is a close relationship between the bar and Cech cochain com- 
plexes of the sheaf A\,j. Actually, every smooth partition of unity {fi}iei sub- 
ordinated to an open covering U = {[/jjig/ of a manifold M induces a cochain 
homomorphism 

ip* ■.c*{u,aI,)^cua'm) 

so that 

: CP{U,Al,) C^Aij) = EBPAUm) 

is the composition 

CP(U,Al,) &-\U,BA\i) > C\U,BPAi,) EBPAUm) 

where for r > the homomorphism 

if^'' : C'{U,B'Aif) &-HU,B'+^AIj) 

r 

is defined for ^ = € B'^A^ji f] Ui^)} by the formula 

j=0 

' (C)iOv :«r-l |/^0' •■• ) /^n > K^Oi^Oi--- 1*7 — 1 ' ■ C/n,*Ov i*7 — 1]| 

and the homomorphism 

/■P : C^iU^B^Aij) EBPA\j{M) 

is given by 

= |/io' • • • '/«n> fco : • • • : C«„]|- 



3. Smooth principal i?'*C*-BUNDLES 



In this section we will show that if M is a smooth manifold, then the group 
H^{M;Z,) can be identified with the group of isomorphism classes of smooth prin- 
cipal 5^-25^S'=-2C^ or fi^-iZ bundles over M. 

Let G be an abelian Lie group. A principal i?''G-bundle E ^ M over a smooth 
manifold M is smooth if the transition functions of this bundle are smooth. 



The proof of the following proposition, essentially due to tom Dieck [tD], shows 
an explicit formula for a classifying map of a smooth principal bundle in terms of 
its transition functions. 

Proposition 3.1. Let G he a differentiahle group. Then for every smooth principal 
G-bundle ir : E ^ M there is a smooth map ip : M ^ BG such that E ^ M is the 
pull-back of the universal principal G-bundle by ip. 



GEOMETRY OF DELIGNE COHOMOLOGY 



19 



Corollary 3.2. For every smooth principal B'^C* -bundle E ^ M there is a smooth 
map if : M ^ B^^^C* such that E ^ M is the pull-hack of the universal principal 
B'^C* -bundle by tp. 



Proof of Proposition 3.1. Let U = {Ui}i^j be an open covering of M so that for 
every i £ I there is a trivialization 



Define gi : E ^ G hy the formula 



pr2(^i(2;)) for X G vr ^{Ui) 
e for X ^ 7r"^(C/j) 



where e is the neutral element of G and pr2 : f/j x G — > G is the projection on the 
second factor. 

Let {/j}ie/ be a partition of unity subordinated to the covering U and let 
(p : E ^ EG be the map 

where io, • • • ,in are the indices so that for each i £ {zq, . . . /j(7r(y)) ^ 0. It 

is easy to see that is a G-equivariant map and hence it induces a morphism of 
principal G-bundles 

E—^EG 



M—^BG 

where the restriction of (/? : A/ ^ BG to Uj C M is given by the formula 

•fix) = \fio{x),fi,{x), ... ,fi^{x),[gio{a{x)) : gi,{a{x)) : ■■■ : gi^{a{x))]\, 

where a : Uj ^ 'ir^^{Uj) is a smooth section of the restriction TT^^{Uj) Uj of 
TT : E ^ M to Tr~^(Uj). Note that if{x) does not depend on the choice of the section 
a because giS are G-equivariant maps. In the non-homogeneous coordinates 

V^ix) = \fio{x),fnix), ... ,hAx),[9ioh{x)\gi^i2{x)\ ■■■ \gi„_^ijx)]\, 

where 

9ij{x) = {gi{a{x)))-^ ■ gj{a{x)) 

are the transition functions of the bundle E ^ M associated with the open covering 
of M by the sets {x £ M \ fi{x) > 0}. Since gi is smooth on supp(/j) n Uj for 
every i,j G I and a is smooth on Uj, the map ip is smooth on Uj for every j £ I 
and hence ip is smooth on M. T. tom Dieck showed in [tD] that ip : M ^ BG is 
the classifying map of the bundle n : E ^ M (tom Dieck works in the setting of 
Milnor's bar construction, but all he does extends easily to the context of Milgram's 
bar construction). □ 
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Example 3.1. The isomorphism H^{M.^ - 0,Z) = H^{R^ - 0,C1ir3_o) imphes that 
every element of i7^(M^ — 0,Z) corresponds to a unique isomorphism class of a 
smooth principal C*-bundIe over M^ — 0. Let L be a smooth principal C*-bundle over 



— representing a generator of //^(M"^ — 0, Z) = Z. The proof of Proposition 3A 
shows how to describe a smooth classifying map ipL ■ (1^^ — 0) ^ BC* of L in 
terms of some transition functions of L. Let S"^ = U {oo} and consider the open 
subsets Uo = and Uoo = - {0} of S^. Since C/q n C/oo = - we can think 
of the classifying map ipi : (M^ — 0) — > BC* as a transition function of a smooth 
principal -BC*-bundle BL over S^. From the proof of Proposition |3.3| it follows that 
the isomorphism class of BL corresponds to the generator of H^{S^,Z,). Let BL be 
the pull-back of BL by the standard retraction (M^ — 0)^S^. The classifying map 
of the bundle BL can be identified with a transition function of a smooth principal 
i3^C*-bundle over S^, representing a generator of i/^(5'^,Z). Iterating the above 
procedure we get a family of smooth principal i?^C*-bundle over 5^, representing 
generators of the groups H^{S^,'L) for k>2. 

Proposition 3.3. Let G he one of the group S^^^C* , or BZ,. Then for every smooth 
manifold M and every p > 2 the group HP(M, Z) is isomorphic to: 

(i) the group L{B^^^G)m of isomorphism classes of smooth principal B^^^G- 
bundles over M . 

(ii) the group [M,B'^^^G]°° of smooth homotopy classes of smooth maps from M 
to BP-^G. 



Proof of part (i) of Proposition 3.3. Since for any abelian differentiable group 



G the group of isomorphism classes of smooth principal G-bundles over M is iso- 
morphic to H^{Gf^), we have to prove that there is an isomorphism 

HP{M;Z) ^ HU BP-^G ,^j). 
Consider the cohomology long exact sequence 

^ B.P-U EB<P'^G n,,) ^ H^i BP-'^C ) ^ HP{M;Z) ^ MP ( E B<P-^ G n^) ^ 
associated with the generalized exponential sequence 
(10) Z,, EB<P-^G ,, BP-^G m\-v + 2] ^ 

where EB^f^^2G_M the complex 

M-M ~^ MG_M EBG_j^[ EB'^G j^.j —>■ ■ ■ ■ EBf^_^G_j^ 
with being equal to M, C, or EZ, for G = S^, C*, or BZ respectively. 

Since for every s > the sheaf EB^G_^j is acyclic, the cohomology of the complex 
EB'^P~'^G ^,f is equal to the cohomology of the cochain complex 

H ^ EG.AM) ^ EBG .AM) ^ EB^G ^r(M) ^ ... ^ EBP-^G ,AM) 



GEOMETRY OF DELIGNE COHOMOLOGY 21 

of the groups of global sections of the components of EB^f^^2G_M- Therefore, for 
every q > p — 2 

M^iEB^fZ^Ai) - H'i{ EB<P-'^G ^,f{M)) ^ 0. 
Hence, the coboundary homomorphism 

H^( BP-'^G ^f) — > H'P{M-Z) 



in the cohomology long exact sequence associated with ( |10D is an isomorphism. □ 



Remark 3.1. Let G be an arbitrary abelian Lie group. Replacing in the proof of 
Proposition 3.3 the sequence (10) be the appropriate short exact sequence associated 



with the bar resolution of Gj^/, we would get an isomorphism between HP{G_j^i) and 
the group L{BP^^G)m of isomorphism classes of smooth principal i?^'~^G-bundles 
over M. 



Part (ii) of Proposition |3.3| is a straightforward consequence of the following 
lemma. 

Lemma 3.4. Let G be a dijferentiable group. Then the group of isomorphism 
classes of smooth principal G-bundles over M is isomorphic to the group [M, BG]"^ 
of smooth homotopy classes of smooth maps from M to BG. 

Proof. Let G be a differentiable group. We will show that there is an isomorphism 

[M,BGf° ^ H\Gm)- 

The beginning of the cohomology long exact sequence associated with the short 
exact sequence 

— > Gj^j — > EG_j^ — > BG_j^ — > 

is of the form 

• • • — > C^{M,EG) ^ G^{M,BG) — > H\Gj,j) — > H^EGj^j) — ^ • • • 

Since H^{EG_]^) = 0, we have the isomorphism 

C-°{M,BG) ^ , 
7T,C^{M,EG) - 

The image 7r^C~(M, EG) of the group C°°(M, EG) in C°°(M, BG) consists of those 
smooth maps from M to BG that lift to maps from M to EG. It is easy to see that 
f : M ^ BG has a lift to / : M — > EG if and only if / is smooth homotopic to a 
constant map. Hence 



n^C°^iM, EG) 

□ 
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Remark 3.2. Let G be a topological group. Replacing in the proof of Lemma 3.4 
the sheaves of smooth maps on M by sheaves of continues maps on some space 
X, we get an isomorphism between the group of isomorphism classes of principal 
G-bundles over X and the group [X, BG] of homotopy classes of maps from X to 
BG. 



4. Flat Connections on principal i?'^C*-BUNDLES 

In this section we show that for every s > 1 the group B'^C* is equipped with the 
canonical 5^C*-equivariant -B*C-valued connection 1-form B^{z~^dz). By analogy 
with the Lie group case, the form B'^{z~^dz) is used to define connections on smooth 
principal i3'^C*-bundles. We show that for q > p the smooth Deligne cohomology 
group ]HIP(M, Z(g)^) is isomorphic to the group of isomorphism classes of smooth 
principal i?*'^^C*-bundles with flat connections. Moreover, we prove Theorem B. 

4.1. The canonical connection 1-forms on S^C* and EB^C*. Let M. be a 
simplicial smooth manifold. A smooth p-form a on the geometric realization |M.| 
of M. is a family {a"} of differential p-forms a"' on A"' x M„ satisfying for every 
< i < n the following compatibility conditions 

(11) {d' X = {id X 

(12) (s* X zd)*a" = {id X Si)*a"+i 

where 3* x id, id x di, s* x id, and id x Si are the maps 

A"-i X Mn-i ^ A"-i X Af„ — A" X Mn 



A"+i X M„+i ^ A"+i X Mn A" X Mn 

with (9* and s* being the coface and the codegeneracy maps on A"s and di, Si being 
the face and the degeneracy maps on M„s. 

Example 4.1. 

(A) Let G be a Lie group and let g^^dg be the canonical g- valued connection 1-form 
on G, where g is the Lie algebra of G. The total space EG of the universal 
principal G-bundle EG — > BG carries a smooth g-valued form lo so that lv 
evaluated at \xq, . . . , Xn, go, ■ ■ ■ ,gn\ is 

xogo^dgo + xig^'^dgi + • • • + Xngn^dgn, 

where xq, • • • ,Xn are the barycentric coordinates in A" and g~^dgi = 7r*{g~^dg) 
for the projection vTj : G""*"^ — > G on the ith factor. 

(B) The canonical connection 1-form E{z~^dz) on EC* is defined by the family of 
SC-valued 1-forms E{z-^dzY on A" x (C*)"+i such that E{z-^dzY evaluated 
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on a vector (va., vq, ■ ■ ■ , Vn) at a point \ti, ... , -zo[-2^i| ■ ■ ■ \zn]\ is given by the 
formula 

\ti, ... ,tn,ZQ^Vo[z^^Vi\ ■■■ {z'^^Vnll- 

In the sequel we will use the notation 

^(^~^^^^)rtl,...,t„,^o[^l|-kn]| = 1*1' ••• :tn,Z^^dzo[z^Uzi\ ••• \z~Uzn]\. 

Similarly, the canonical connection 1-form B{z^^dz) on BC* is defined by the 
family of -BC-valued 1-forms B{z^^dzY on A" x (C*)", where 

^(^"^^^^)rti,...A,[^i|-kn]| = 1*1' ••• ,tnAzl^dzi\ ••• \z-^dZn]\. 



The compatibility conditions (pi]), (12) are easy to check calculations. It is 
also easy to see that E{z^^dz) is a £'C*-equi variant 1-form and B{z~^dz) is a 
SC*-equivariant 1-form. 

Let G be an abelian Lie group. A smooth p-form on EB^G and B^~^^G^ for s > 1, 
is defined by the following inductive procedure. 

Suppose we have defined smooth p-forms on B'^G as well as on each product 
A'^ X (B'^G)^ for fc, m > 0. Then a smooth p-form a on EB^G consists of a family 
of p-forms a" on A" x (i?^G)"^^ satisfying the compatibility conditions (11) and 
([T^. Similarly, a smooth p-form a on B^~^^G consists of a family of p-forms a" 
on A" X [B^G)"'~^^ satisfying the compatibility conditions ( [Tl] ) and ([l^). A smooth 
p-form a on A*^ x (B'^^^G)^ consists of a family of p-forms on A'^ x (A*^ x 
(i?^G)"^^)"* satisfying the compatibility conditions 

{id^k X {d' X i(i)'")*a'^ = (id^fc X (id X 5i)™)*a"-^ 

(id^fc X {s' X id)™)*a" = {id^k X (id X Si)™)*a"+^ 

Example 4.2. Now, for every s > we are going to construct i?i?'^~^C- valued 
differential 1-form EB^~^{z~^dz) on EB^~^C* and S'^C-valued differential 1-form 
B^{z^^dz) on B^C*. Note that from Lemma LI we know that for every s > the 
groups EB'^~^C and B^C are C-vector spaces. Thus, it make sense to talk about 
EB^~^C or i?'^C-valued differential forms. 

The canonical connection 1-form EB^^^{z^^dz) on EB^^^C* is a 1-form on 
EB^~^C* so that EB'^^^{z^^dz) evaluated at ... ,tn,go[gi\ ••• \gn]\ is given 
by the inductive formula 

\tu ... ,tn,B'-\go'dgo)[B'-\g^'dgi)\ ••• \B'-\g-Ugn)]\, 

The canonical connection 1-form B^{z^^dz) on B^C* is a 1-form on B^C* so that 
B^(z~^dz) evaluated at ... ,tn, [gi\ • • • \gn]\ is given by 

... ,tn,[B'-\gi'dgi)\ ••• |i3^-i(g-id5„)]|, 

where go,gi, ... ,gn G S'^^^C* and B^^^{g^^dgi) is the canonical connection 1-form 

B''-^{z-^dz) on S^-^C* evaluated at gi. 
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4.2. Connections on principal i?*C*-bundles. A connection on a smooth prin- 
cipal B*C*-bundle E ^ M is a collection {uJi G T{Ui, B'A\j „;;■)} iei of 5^C-valued 
1-forms, for some open covering {Ui}i,=£ of M, such that for every i,j £ I so that 

Ui nUj^9 

where gij : Ui Pi Uj B^C* is a transition function of the bundle E M. 

Equivalently, a connection on a smooth principal i?'*C*-bundle E ^ M is given 
by a i?*C*-equi variant global section of the sheaf B^A^;^. 

The pull-back g*-B^{z~^dz) can be described explicitly by the formula 

g*jB'{z-^dz)=d\og{g^j), 

where dlog(5fjj) is defined by the induction on s as follows. For any smooth function 
f : U ^ i?*C* given locally by the formula 

f{x) = \ti{x), . . . ,tn{x), [fi{x)\ • • • |/„(2;)]|, 
where fi{x) : U B'^^C, we define dlog/ e r{U,B'Aij^c) 

dlog/(x) = \ti{x), ... [dlog/i(3;)| ••• | dlog | . 

It is easy to see that ii f : U ^ B'C* and dlog(/) = 0, then f :U ^ B'{C*Y, 
where (C*)'' is the group C* with the discreet topology. 

Example 4.3. 



(A) It is easy to see that the differential 1-form from Example 4.1 is G-equi variant. 
Hence, it is a connection 1-form on the universal principal G-bundle EG 
BG. We will call it the canonical connection 1-form of EG BG. 

For G = C* the form lo evaluated at \xo,xi, . . . , Xn, zq,zi, ... ,Zn\ is given 
by the formula 

Edzi 
Xj— — . 

1=0 

Note that u is the composition loEuj, where Euj is the canonical E'C-valued 
connection 1-form on EC* and / : EC — > C is the splitting of the short exact 
sequence 

— >C — > EC — > BC — ^0 

given by the formula 

n 

(13) l{\ 

i=0 

(B) The canonical connection 1-form on the universal i?*C*-bundle 

^'^C* — > EB'C* — > B'+^C* 
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can be defined as the composition / o EB^{z^^dz), where I : EB^C — > B^C is 
the sphtting of the short exact sequence 

— > B'C — > EB'C — > B'+^C — > 



given by the formula (|l3f ), where now Zj G B^C 
(C) From Corollary and the above example it follows that every smooth prin- 
cipal i?*C*-bundle carries a connection. 



In particular, the smooth principal i?C*-bundle over S"^ from Example 3A 
can be equipped with the connection 1-form uj that is the pull-back of the 
canonical connection 1-form / o Euj on EC* — > BC*. Following J-L. Brylin- 



ski and P. Deligne (see | Brl , Chapter 7]) one can interpret ui as the Dirac 
monopole. 

The ordinary exterior derivative d : A'l,j ^ ^a^^c extension 

d : B'^A'lf^Q > B'^A^l- 
defined inductively by the formula 

d{\ti{x), . . . ,tn{x), [ai{x)\ ■ ■ ■ |a„(x)]|) = . . . ,tn{x), [dai{x)\ ■ ■ ■ |da„(x)]|. 



Similarly, we define 



Note that di^B^{z ^^dz)^ = 0, and hence, 

dui - dujj = dg*j{B'{z~^dz)) = g*j{dB'{z-^dz)) = g*j{B'{d{z~^dz))) = 0. 

Thus, the family {duji} defines a global section Q of the sheaf B^A'j^,j([-, which is by 
definition the curvature of the connection {uji}. 

Proof of Theorem B. The exponential short exact sequence 

(14) z,, ci, (nl, 

induces the short exact sequence of the bar cochain complexes 

cui^m) cuci,) cuinl) 

For every abelian Lie group G, the group H^{M] G) is isomorphic to the group 
H^{Cb^Q-m))i which in turn can be identified with the group L{M, B^^'^G) of iso- 
morphism classes of smooth principal i?^~^G-bundles over M (see Remark 
Therefore, the cohomology long exact sequence associated with the exponential short 
exact sequence (|T^ induces a commutative diagram 

^HP-^{M;Z) ^HP-^{M;C) ^HP-^{M;C*) ^ H'p{M]'L) 



■ L(M, BP-'^Z) ^ L(Af, BP-'^C^) ^ L{M, BP-^{C*Y) — ^ L{M, BP-^C*) 
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where the isomorphism H^{M]'L) — > L{M,B^ ^C*) is the composition of isomor- 
phisms 

HP{M;Z) — > L{M,BP-^Z) — > L{M,BP-^C*) 

and 

/ : L{M,BP-^{C*Y) — > L{M,BP-'^C*) 

is the forgetful homomorphism induced by the homomorphism B^~'^{C*Y BP~^C* . 

It is easy to see that the above diagram induces the foUowing commutative dia- 
gram 











HP~'^{M;C) 
Hp-^{M;Z)tf 



ker(/) 



HP-^{M;C*) 



Tors HP {M;Z) ^0 



L(Af, BP-^{C*Y) 



f 



im(/) 







whose rows are exact sequences. 

In order to finish the proof of Theorem B, we have to show the for every q > p 
there is an isomorphism 

(15) MP(M,Z(g)g) ^ HP-\M;C*) 

and that the group L(M, S^^^C*, V^***) of isomorphism classes of flat connections 
on smooth principal iJ^^^C* -bundles over M is isomorphic to L{M, BP~^{C*Y). 

The isomorphism (|l5| ) follows from the fact that there is a quasi-isomorphism 



Z{q) 



M 



40 



(16) 



0- 



M,C ^ ■ ■ 

d 



■A' 



M,C 



A' 



q-l 
M,C 

9-1 
A/,C 



where a{f) = exp((27r-v/— 1)^ ' f), between the smooth Deligne complex Z{q)'^ 
and the complex ^^^j,(dlog)[— 1], where 

dlog 



A<lJdlog) : C 



M 



is the truncation of the complex 



-^M,c(dlog) : 

which is an acyclic resolution of the constant sheaf C^. Therefore, for every q > p 
there are isomorphisms 

MP{M,Z{q)^) - MP-HAt,'c{dlog)) - MP-\Al,^c{dlog)) - HP-\M;C*). 



The isomorphism 



L{M,BP-^C*,V^''^) ^ L{M,BP~''{C*) 
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is a consequence of the following lemma. 

Lemma 4.1. There is a one-to-one correspondence between flat connections on a 
smooth principal B^~^C* -bundle E ^ M and reductions of the structure group of 
E^M to BP-^{C*Y. 

Proof. Let E ^ M he a smooth principal _B*C*-bundle with a flat connection. 
We will show that the structure group of i? — > M can be reduced to iJ*(C*)^ or 
equivalently, that E ^ M has transition functions gij : Uij B^{C*y. 

Let U = {Ui}i^j be an open covering of M consisting of contractible subsets of 
M and let {gij : Uij B^C*}iji=i be a family of transition functions of E ^ M. 
Suppose, {oji G T{Ui, B^A\,j is a flat connection on E ^ M. That is every Ui 

is a closed form and for every i,j so that Ui H f/j / 

uji-ujj = dlog gij. 

It is easy to see (using the Poincare Lemma and the induction on s) that if 
dui = 0, then there is a B*C- valued function /j such that dfi = Ui. 

For any smooth function f : U ^ B'^C wc define, by the induction on s, the 
5*C*-valued function exp(/). If / : [/ i?*'C is given locally by the formula 

f{x) = \ti{x), ... ,tn{x),[gi{x)\ ■■■ \gn{x)]\, 

where gi : U —>■ B^~^C, then 

exp/(a;) = \ti{x), ... ,tn{x),[ex.p gi{x)\ ■■■ |exp5„(x)]|. 

Since dlog(exp/) = df, 

dloggij =Ui- Uj = d{fi - fj) = dlog(exp(/j - fj)) = - dlog((5(exp f )ij). 
Therefore, for g^j = gij + 5{exp f)ij 

dloggij = 

and hence cnj : Uij — > B^{C*)^. The family {gij} gives the required transition 
functions of E ^ M. 

Now suppose, E ^ M is a principal Z?*C*-bundle with transition functions gij : 
Uij — > B^{C*Y . A fiat connection on £^ — ^ M is given by the family {ui} of trivial 
(tautologicly equal to zero) 1-forms. Obviously, dwi = and Ui — LOj = = dloggij. 
□ 

5. A;-CONNECTIONS ON PRINCIPAL i?'*C*-BUNDLES 

In this section we define /c-connections, k = 1, . . . ,s + l, and scalar curvatures on 
smooth principal i?*C*-bundlcs and prove Theorems A and C. In particular, we show 
that for p > 2 the group MP{M,Z{p)'^) is isomorphic to the group of equivalence 
classes of smooth principal S*''~^C*-bundles with ^-connections for A; = 1, . . . ,p—l. 
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By definition, a 1-connection on smooth principal i?*C*-bundle is a connection 
on this bundle. To motivate a definition of a /c-connection for A; > 2, we will first 
reformulate the standard definition of a connection on smooth principal C*-bundle. 

A smooth principal C*-bundle E ^ B is given either by a family 

{gij : U^nUj ^C*}^,,eI 

of transition functions associated with an open covering U = {f/j}ig/ of M or by a 
smooth map g : M ^ BC* so that E ^ B = g*{EC* BC*). The map g can be 
described in terms of the transition functions {gij} by the formula 

9{x) = \fio{x),fn{x),... ,fi„{x),[gioi,{x)\gi,i2{x)\ ■■■ \gi„_nAx)]\, 

wher {/i}ie/ is a partition of unity subordinated to the covering U (see the proof of 
Proposition ^H] ). 

Classically, a connection on E ^ B is given by a family of 1-forms {uJi £ 
r{Ui,Al)}i(.i so that 

UJi — ojj = dlog^jj, on Ui nUj ^ 9 

Alternatively, in terms of the map g : M ^ BC*, a connection on ^ is a 
global section -co of the sheaf EA\,f ^ so that tt^lo = dlog g, where tt^: : T{M, EA\,j ^) — 
r(M, BA\^ J-) is the homomorphism induced by the morphism of sheaves vr : EA\^ £ - 

Indeed, if uj is given by 

^{x) = \fioix),fiix), ... ,fl^ix),u;ioix),uJi^{x), ... ,u;ijx)\, 

then 

7r^w(x) = \fl^{x),fl^{x), ... [(jjo(x) -.uJi.ix) : ••• : UJi„{x)]\, 

and in the non-homogeneous coordinates 

= ,fljx),[u;i,{x) -uJioix)\ ■■■ \uJi„{x) - uJi„_^{x)]\. 

Thus, the condition tt^:^ = dlog 5 is equivalent to the system of equations 

fi ~ fi 

ujj -uji = dlog gij 

where the second equation holds for all x G M so that fi{x) 7^ and fj{x) 7^ 0. 

Since {/ijie/ is a partition of unity on M, the sets Ui = {x £ M \ fi{x) 7^ 0} form 
an open covering of M and the family of 1-forms {—coi G r{Ui,AQ)}i^i determines 
a connection on a smooth principal C*-bundle induced by the map g : M ^ BC* . 
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In other words, the group L{M, C*, V) of smooth principal C*-bundles with con- 
nections over M is the pull-back 

L(M,C*,V) > T{M,EA\,^c) 

TT* 

of the projection tt* : r(M, EA\jq) r(M, BA\jq) by the homomorphism 
dlog : C~(M, BC*) r(M, BA\t,c)- 

The group L{M, C* , V) of the isomorphism classes of smooth principal C*-bundles 
over M is the quotient of L(M,C*, V) by the action of C°°{M,EC*) given by the 
formula 

/•(5,a;) = (5 + 7r,(/),a; + dlog(/)), 

where vr* : C'^{M,EC*) C°°{M,BC*) is the homomorphism induced by the 
projection vr : EC* BC* . 

Essentially the same as above arguments show that a connection on a smooth 
principal B*C*-bundle induced by a map g : M ^ B^'^^C* is given by a global 
section -u of the sheaf EB^A\j(^ so that dlog^ = 7r*a;, where 

TT* : r{M,EB'Aij^c) T{M,B'+Uit,c)- 

Moreover, two pairs {g,u;), {g' ,uo') G C°°(M, B'+^C*) © r(M, determine 
isomorphic smooth principal 5''C*-bundles with connections if and only if there is 
a smooth map h : M ^ EB^C* so that 

{g, u) = {g' + 7r*/i, u' + dlog h). 

Now, we are going to define a 2-connection of the isomorphism class [E, oj] of a 
smooth principal 5C*-bundle E ^ M with a connection u. 

Let E ^ M he & smooth principal SC*-bundle induced from the universal 

principal BC*-bundle EBC* B'^C* by a map g : M ^ B^C* and let uj G 
T(M, EBA\^ ^) be a connection on E ^ M. That is, vr^o; = dlog (7, where tt^, : 
V{M , EBA\j 1^) T{M,B'^A\^^) is the homomorphism induced by the morphism 
of sheaves tt : EBA\j ^ B'^'^Xi c- 

The curvature —duj of the connection -w is a global section of the sheaf BA\jqj 
because the sequence 

T{M,BAl,^c) riM,EBAl,^c) ^ TiM,B^Al^c) 
is exact and 7r*((iix') = d{TT^uj) = d{dlogg) = 0. 

If {g',Lo') determines an isomorphic to (E,(jj) smooth principal i?C*-bundle with 
a connection, then du = d{u' + dlog/i) = dio' , and hence a curvature determines a 
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homomorphism 

d : L{M, BC*,V) — > r(M, BAIj_c), 

where L(M, BC* ,V) is the group of isomorphism classes of smooth principal BC* 
bundles with connections over M. 



Consider the following pull-back diagram 



L{M,BC*,Vi,V2) > T{M,EAj 



L{M,BC*,V) T{M,BAli^c) 

The group L(M, SC*, Vi, V2) consists of elements ([gi, wi], a;2), where g : M ^ 
is a smooth map, [g, lui] is the isomorphism class of a smooth principal BC*- 
bundle g*{EBC* — > B'^C*) with a connection —loi, and (jJ2 is a global section of the 
sheaf EA\^Q so that — 7r*(w2) = dui. The equation — 7r*W2 = dooi is an analogue 
of the connection condition —tt^lo = dlog(7, therefore we will refer to L02 as a 2- 
connection of the equivalence class [5,^1] of the pair (5, cji). 

Note that there is an action 

r(M, EAli^c) X BC*,Vi, V2) L{M, BC*, Vi, V2) 
of r(M, EA\t^c) on '^(^' B^*^ Vi, V2) given by 

a - {[g,uji],u)2) = {[g,uji -a{a)],u)2 + da), 
where a is the composition 

r(M, ea'm^c) ^ r(M, s^i,^c) ^ r(M, £;s^l,,c)- 

The quotient 

L(M, BC*,Vi,V2) 



L(M, 5C*,Vi,V2) 



will be called the group of equivalence classes of smooth principal BC*-bundles with 
1 and 2-connections over M. 

For s > 1, a group 

L(M, S^e, Vi, V2, . . . , V,+i) = L(M, B'C\ 

of equivalence classes of smooth principal B''C*-bundles with k-connections. A; = 
1,2,... ,5 + 1, over M will be defined by the following inductive procedure. 

Suppose, we have already constructed the group L(M, B*C*, {Vi}^^^) of equiv- 
alence classes [g^oji,. . . ,to'fc] of smooth principal i?*C*-bundles with j-connections, 
for 1 < j < /e < s + 1, over M. Then the group L(M, B^C* i}';^^) is defined as 
follows. 
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Consider the pull-back diagram 

L(M,i?*-C*,Vi,... ,Vfc+i) > r(M,E5^-Mg^) 

L(M,5^C*,Vi,... ,Vifc) r(M,5-'=+U^^), 
where d{[g,ui, . . . ,iOk\) = diOk- There is an action 
r(M, EB'-''Al,^c) X HM, B'C*, Vi, . . . , Vfe+i) L(M, B'C*, Vi, . . . , V^+i) 

of r(M, EB^-M^^c) on L{M, B'CWu V,.+i) given by 

a - {[g,uji,... ,ujk],i^k+i) = ,i^k-i,'^k + {-'^)''(^{a)],u;k+i + da), 

where a is the composition 

We set 

L(M,B^C*,Vi,... ,Vfc+i) 



The form {—l)^'^^ujk+i, where Wjfc+i is the component of an element {[g,LOi, . . . ,ijJk\,uJk+i) 
of L{M, B^C*, {Vi}^^^) is called a (k+l)- connection of [5, a;i, . . . , cok]- The image of 
{[g,uji,... ,ujk],ujk+i) in L(M, S*C*, {Vi}f+i ) will be denoted by [g,uji,... ,ujk+i]- 

Iterating the above procedure we get the group L{M, B^C* of equiva- 
lence classes of smooth principal iJ*C*-bundles with /^-connections, k = 1,... ,s + l. 

Proposition 5.1. For every p > 2 there is an isomorphism 



Proof. Consider the double complex 



r{M,EAlr) 



dlog 

C°°(M, EC*) 



T{M,EBAl,^c) 
d 

V{M,EBA\,^^) 

dlog 

C°°(M, EBC*) 



d 

T{M,EB^Al,^c) 
d 

V{M,EB''A\,^c) 

dlog 

C°°(M, EB'^C*) 



of the bar cochain complexes of the components of j-.(dlog). 
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There is a sequence of isomorphisms 

Mf(M,Z(p)g) ^ Mf-i(^gc(dlog)) ^ HP-\Tot*{B*^<P),D), 

where (Tot*(5^<*'), L>) is the total complex of the double complex B^f^ = {-B]^*}^ 
defined as follows 



Tot-(Sl^<^) = B-^^ 

n+s=m,s<p 



B 



M 



'C°°(M,E5"C*) for 

r(M,SSM|^c) for 
for 



s = 0, n > 
s > 0, n > 
s < or n < 



and 



is so that 



D : Tot'^{B*^<P) Tot'^+\B*^<P) 



D 



dlog +0" on 
on 



r>n,0 



for s > 0. 



A {p — l)-cocycle in {Tot* {B*j^^) , D) is a sequence ((7,a;i,... ,LOp-i), where g G 
C°°(M,E5P-iC*) and Ui G r(M, £;5P-*-Mif_c) that 

dlog 5 = (7{uJi) 

duji = (— l)V(ti;i+i) for 1 < i < p — 2 

The condition cr{g) = means that 51 is a smooth map from M to BP-'^C* , the 
condition dlog 51 = cr{iOi) means that —toi is a connection on the smooth principal 
BP~^C* -bundle over M induced by g, and the conditions dui = (— l) V(a-'j+i) mean 
that (— l)*+-'-a;j+i is a (f + l)-connection of the sequence {g,uji, . . . , coi). It is easy to 
see that two cocycles {g,uji,... ,ujp^i) and {g',uj[,... ,ujp_i) are cohomologous in 
(Tot*(i?^^^), -D) if and only if the corresponding principal bundles with connections 
are equivalent in L(M, B'p^'^C*, {V.j}|Lj^). Thus wc get an isomorphism 

HP-\Tot*{B*^<P),D) ^ L{M,BP-'C*,{V^r^Zl)- 

□ 

The rest of the section is devoted to proofs of Theorems A and C. 

Proof of Theorem C. Let us start from a definition of a scalar curvature. 

The scalar curvature of the element [g,iOi,L02, ■ ■ ■ , tOp-i] 
is the C-valued p-form {—l)P~^diOp-i. Note, that a priori dujp-i is a a global section 
of the sheaf EA^^^, because ojp-i G r(M, But 7r*(a;p_i) = dujp-2, and 
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d{-K^:UJp^i) = d{dujp-2) = 0. Therefore, dur, 
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hence, 7r^:{dujp-i) = (i(7r*a;p_i) = d[dujp-2) = 0. Therefore, dujp^i G A^{M). Actu- 
ahy, dojp-i is a closed (but not necessarily exact) C-valued p-form, because locally 
it is exact. 

Thus, a scalar curvature induces a homomorphism 

s : LiM,BP-^C*,{Vir-l) A^MU, 
where A^{M)ci is the group of C-valued closed p-forms on M. 

The form dtOp-i is a p-cocycle in Tot*(i?2/*) which is cohomologous to zero in this 



complex, because diOp 



D{g,uJ,uJ2, ■ ■ ■ , Wp-i). 



Since Tot*{B^'j) is the acyclic resolution of A\f(^{dlog), which in turn is a reso- 
lution of the constant sheaf of the group C*, the image of dujp-i in 

HP {Tot* (B*^;)) - HfiA*M^c{dlog)) - HfiM;a) 

is zero. Therefore, because the diagram 

A^^iMU HP{M; C*) 



HP{M; C) 



commutes and the sequence 

— > HP{M;Z)tf 



HP{M-C) — > HP{M; 



is exact, the cohomology class of dujp^i in HP{M;C) belongs to the image of 
HP{M; Z) in HP{M; C). That is dujp^i is a closed form with integral periods. Thus, 
we showed that the image im(s) of the scalar curvature homomorphism 

s : L{M,BP-^C*,{Vi}Pll) AP^iMU 

is contained in the group A^{M)q of C-valued closed p-forms with integral periods 
on M. 

Consider the following "scalar curvature diagram" 
^ L(Af , BP-^C* , V^^*) ^ L(M, BP-^C*,{Vi} 



i=l ) 



im s 







HP-^{M, C*) 



■ mp{M,z{p) 



D ) 







where the first vertical arrow is the isomorphisms from Theorem B the second ver- 
tical arrow is the isomorphisms from Propositions 5J, and i : im(s) A^{M)q is 
the inclusion homomorphism. 

The lower row short exact sequence of the scalar curvature diagram is obtained 
from the cohomology long exact sequence 

HP~\M-C*) W-\Atlc{.^\og)) AP^iMU HP{M;C*) 
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associated with the short exact sequence of sheaves 



^ CI, ^ -^AlcCdlog) ^ (AlrcU-p + 1] 



In order to prove the exactness of the upper row of the scalar curvature diagram 
one has to show that the kernel ker(s) of the scalar curvature homomorphism s coin- 
cides with the group L{M, i?P~^C*, V^*^*) of isomorphism classes of smooth principal 
i?P~^C*-bundles with flat connections over M. 



If ((7, oji, . . . , tjp-i) is a (p— l)-cocycle inTot*(i?2^ then the condition dwp-i = 
holds if and only if {g^uji, . . . is a (p — l)-cocycle in Tot*(i?2f )• That is 

{g,u}i, . . . ,ujp-i) represents an element of the group H^~^(M;C*). By Theorem B 
the group HP-^{M;C*) is isomorphic to L(M, ^P-^C*, V''^*). Hence 



ker(s) ^ RP-^M-C*) ^ L{M, B^-^C* 

It is easy to see that the scalar curvature diagram commutes. Therefore, from 
5-lemma it follows that the inclusion i : im(s) — > A^{M)q is an isomorphism. This 
finishes the proof of Theorem C. □ 

Proof of Theorem A. First we are going to show that there is a commutative 
diagram 

MP{M,Z{p)^) > HP{M,Z) 



L{M,B'C*,{ViYi^l) ' L{M,B'C*) 



with the vertical arrows being the isomorphisms from Propositions 5.1 and |3.3| . 
For every s > 1 there is the forgetful homomorphism 

tf^ : L{M,B'C*,{ViYi^l) — ' L{M,B'C*) 

that sends the element [E,uJi,u;2, ■ ■ ■ ,^5+1] of L{M, B'C*, {ViYi^l) to the isomor- 
phism class of the bundle E. The homomorphism ip^ is surjective, because every 
smooth principal i?*C*-bundle carries a connection and for every i > 1 the homo- 
morphism 

TT, : T{M,EB^~'A\j^c) r(M,S^-*+UVc) 

is surjective. 

If {g, LOi, . . . , ujp-i) is a cocycle of Tot*(i?2/^^)i then the assignment 

{g,u;i,... ,u;p-i) ^ {gij}, 

where 

gix) = \ti^{x),ti2{x), . . . ,ti,^ix), [gioh{x)\gi^i2ix)\ . . . \gi„_^i„ix)]\ 
induces a homomorphism 

: HP-H-42c(dlog)) hH bp-'C* m) 
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SO that the diagram 



-M) 



L{M, BP~^C*,{V^Yrl] 

commutes. 

Composing (p^ with the isomorphisms 



L{M, BP-^C*^ 



and 



H\B^Zz£Lm) — ' HP{M,Z) 

we get the homomorphism 

if^ : MP{M,Z{p)'g) — > HP{M,Z) 

so that the diagram 

W{M,Zip)'^) > HP{M,Z) 



LiM,BP-^C*,{V,Y-l' 



L{M, BP-'^C*^ 



commutes. 

To finish the proof of Theorem A we have to show that there is a commutative 
diagram 



^ ker((^^) ^ L{M, BP'^C*, {ViViZl) L{M, BP-^C*) 







EIP(M,Z(p)g) 



HP{M, Z) 



^ Al-\M)o 
with exact rows and the vertical arrows being isomorphisms. 

We have already shown that the right square of the above diagram is commutative. 
Exactness of the upper row is obvious. Exactness of the lower row short exact 
sequence is derived from the cohomology long exact sequence associated with the 
short exact sequence 



For details the reader is referred to the proof of Theorem 1.5.3 in [ Brl |. 

Now we will show that there is a homomorphism ker (99^) — ^ ^(^)/^c ^(^)o- 
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Suppose {g,ui,uj2, ■ ■ ■ represents an element A of L{M, BP~'^C*, {Vij^Ii) 

which is in the kernel of the homomorphism cp^. That is, 5' is a smooth map from 
M to B^^^C* inducing a smooth principal i?P^^C*-bundle isomorphic to the trivial 
iJP^^C*-bundle over M. Equivalently, g is homotopic to a constant map. Hence, 
it has a hft to a map h from M into EBP~'^C*. That is, 7r*/i = g. Therefore, the 
cocycle 

{g,L0l,UJ2, ■ ■ ■ ,Wp_l) = {Tr*h,LLll,L02, . . . ,iOp-l) 

is cohomologous to a cocycle 

(0,a;i - dlog^,a;2, • • • ,^^3,-1) = {0,uj'i,llI2, ■ ■ ■ ,i^p-i) 

Since the rows in the double complex B*j^ are exact (everywhere except at the 
zero level), there is Pi G r(M, EBP~^A\j so that (t(/3i) = Hence, the sequence 
{0,uj[,LO2, ■ ■ ■ ,ujp-i) is cohomologous to the sequence (0,0, 0^2 +d(3i,... ,LOp-i). 

Iterating the above process we get a representative of A which is of the form 
(0, 0, 0, . . . , 0,ujp_i). Since Tr*{u}p_i) = 0, ujp_i is actually a C-valued {p — l)-form 
on M. 

If (0, 0, 0, . . . ,0, iOp_i) is another representative of A, then there is (/3o, • • • , Pp-2) £ 
Tot^'-2(s^*) so that 

(0,0,0,... ,0,u;;_i)- (0,0,0,... ,0,Lu;_i) = Di(3o,... ,/3p_2). 

The above equaUty means that (/?o, • • • , Pp-i) is a cocycle in Tot^^^(i?2f^*' whose 
scalar curvature is oj'p_i — ^'p-i- From Theorem C we know that scalar curvatures 
are closed forms with integral periods. Therefore, we get a homomorphism 

\,e.{^^)^Al-\M)/Al-\M\ 
[0,0,0,... ,0,a;p_i] ^ [ujp-i], 

where [wp-i] is the class of the form Up-i in the quotient A''^\M)/A''^\M)o. It 
is easy to see that this homomorphism makes the right square of the diagram of 
Theorem A commutes. Hence, by 5-lemma, it is an isomorphism. □ 

6. HOLOMORPHIC DeLIGNE COHOMOLOGY 

In this section we define holomorphic principal B*C*-bundles and holomorphic 
/c-connections on them and prove Theorem D. 

A smooth map f : X —>■ B"'C* is called a holomorphic map if df = 0, where for 

/(x) = |ti(x), ... ,t„(x),[/i(x)| ••• |/„(x)]|, 

df is defined by the analogous to df inductive formula 

df{x)=\h{x), ... ,t„(x),[5/l(x)| ••• \dfnix)]\. 

In a similar way we define £'S"C*-valued holomorphic maps. 
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A smooth principal i?"C*-bundle is called a holomorphic principal B'^C* -bundle 
if its transition functions are holomorphic maps. It is easy to see that if / : X — > 
i3"+^C* is a holomorphic map, then the induced by / principal i?"C*-bundle over 
X is a holomorphic principal S"C*-bundle. There is also an inverse to the above 
statement. 

Proposition 6.1. For every holomorphic principal B^C* -bundle E ^ M there is 
a holomorphic map f : M ^ S^+^C* such that E ^ M is the pull-back of the 
universal principal B^C* - bundle by f. 



The proof of Proposition 6.1 is essentially a similar as the proof of Proposition 3.1 

Let B'^0*x and EB'^O*^ be the sheaves of germs of S"C* and ^S"C*-valued 
holomorphic maps on X. The composition of the short exact sequences 

— > B''0*x — > EB''0*x — > B"^^0*x — > 

gives the bar resolution 

EO*x — > EBO*x — > EB'^0*x — > ■■■ 

of the sheaf Ox of non- vanishing holomorphic functions on X. 

Let ^x the sheaf of holomorphic r-forms on X and let A^x be the sheaf of 
smooth (r, s)-forms on X. The sheaf EB'^il.'x is the kernel of the sheaf morphism 

B : EB'^Xj^ EB''A'x\ 
which assignes to a local section 

. . . ,t„{x),ai{x) . . . an{x)\ 
of the sheaf EB'^X^ the section 



. . . ,tn{x),dai{x) . . . dan{x)\ 



of the sheaf EB'^A^ . In the same way we define the sheaf B'^Vt'^x- The composition 
of the short exact sequences 

B'^n'x — ' EB'^n'x B'^+^n'x o 

gives the bar resolution 

E^^ — > EBiVx — > EB'^^'x — > • • • 

of the sheaf Jl^c- 

Lemma 6.2. For every n > the sheaves EB^O*x and EB^VL^x ^"^^ ^^ft- 



The proof of Lemma |6.2| is essentially the same as the proof of Lemma 2.2. 

We will denote by L^°\X, B"" C* , {V the group of equivalence classes of holo- 
morphic principal i?'"C*-bundles over X with /c-connections, for A: = 1, 2, . . . ,q — 1, 
which is defined by replacing everywhere in the definition of the group of equivalence 
classes of smooth principal i?''C* -bundles with /c-connections, the word "smooth" 
by the word "holomorphic" . 
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Proof of Theorem D. Let Q^'^{d\og) be the complex 

with placed in degree zero. There is a quasi-isomorphism between ri^''(dlog)[— 1] 
and the Deligne complex Z^q)^, which is a holomorphic analogue of the quasi- 
isomorphism (16). Thus 

W{X,Z{q)D) = w-\n<'^{diog)). 

Consider the bar resolution i3(0^''(dlog)) 



dlog 



EO*x 



dloe 



EBO*x 



EB^n]^ 



dlog 



EB^O*x 



dlog 



EB^O\ 



of the complex 17^'^ (dlog). Since this is an acyclic reolution there is an isomorphism 



rr-l/o<9 



(0^''(dlog))-i/^^-i(Tot*(i?r')), 



where B-^ is the global sections complex associated with i3(fijf (dlog)) and Tot* {B-^ 



*,<g 



is the total complex of BV^'^ 



A (r — l)-cocycle in Tot*(i?^^'') is a sequence {g,uji^... ,ujq-i), where g G 
TiX^EB'-^O^) and ut G TiX^EB'-^-^Vt'^) so that 

a{g) = G 
dlog 5 = cr(tJi) 

doji = (— l)V(u;j+i) for 1 < i < r — 2 



The condition (T{g) = means that g \s a, holomorphic map from X to i?''~^C*, 
the condition dlog = o"(u;i) means that —loi is a connection on the smooth principal 
S^~^C*-bundle over X induced by and the conditions duJi = (— l)V(u;i+i) mean 
that (— l)*~'"^LL'j+i is a (i-l-l)-connection of the sequence (g,u;i, . . . ,uji). Two cocycles 
(^jWi, . . . ^uJq-i) and {g' ^uj'^^^ . . . ^oj'q_i) are cohomologous in Tot*(i?^^'') if and only 
if the corresponding principal bundles with connections are equivalent. This gives 
us an isomorphism 

H'^-^{Toi*{B]l<'')) ^ L^"^{X,B^-^C*,{Vi}1Zl)- 
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In order to get the commutative diagram from Theorem D consider the bar res- 
olution 

(17) B{nf[-1]) B{'L{p)d) B{Z{p)^) 

the short exact sequence 



Lx 



Since 



and 



If P {Tot* iBiZip)D))) = L^°'(X,S''e,{Va£i), 



m^P{Tot*{B{Z{p)))) ^ L(X,B 



The hypercohomology long exact sequence associated with (^) induces the lower 
short exact sequence of the diagram from Theorem D. The quasi-isomorphisms 

n<n-i]^Tot*{B{nf[-i])) 

Z{p)D^Tot*{B{Z{p)D)) 
Zip)^^Tot*{B{Z{p)^)) 

induce the vertical isomorphisms in this diagram. □ 



Appendix A 

Principal Bundles, Topological Extensions, and Gerbs 

In this appendix we show that there is an isomorphism between the group of 
isomorphism classes of smooth (or holomorphic) principal i?C*-bundles over a man- 
ifold M (or a complex projective variety X) and the group of equivalence classes 
of smooth (or holomorphic) gerbes bound by C^^ (or O^). This isomorphism is 



induced by a construction, described in [Brl|, which assigns to a principal G-bundle 



IT : E ^ B and a topological central extension 

1 — >C — >K — >G — >l 
a sheaf of goupoids measuring the obstruction to the existence of a reduction of 



the structure group of n : E —> B to K (see pp. 171-172 in |Brl|). In the case of 



smooth (or holomorphic) principal i?C*-bundles and the extension 

— >C* — > EC* — > BC* — > 

the gerbe 0-,^ is equivalent to the gerbe of sections of the bundle. We will also describe 
a procedure which assigns to connection on a principal i?C*-bundle a connective 



structure on the associated gerbe (see pp. 169-170 in [lBrl[| ) 



Let us start with a definition of a gerbe. A gerbe on a space X is a sheaf of 
categories C on X (for the precise definition of a sheaf of categories see Chapter 5 



in [[Brl[| ) satisfying the following three conditions 
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• For every open subset U d X the category C{U) is a groupoid, that is, every 
morphism is invertible. 

• Each point x G X has a neighborhood Ux for which C{Ux) is non-empty. 

• Any two objects Pi and P2 of C{U) are locally isomorphic. This means that 
each X £ U has a neighborhood V such that the restrictions of Pi and P2 to 
V are isomorphic. 

A gerbe C is said to be bound by a sheaf .4 of abelian groups on X, if for every 
open set U C X and every object P oi C(U) there is an isomorphism of sheaves 

a : Aut(P) — > A\u, 

where A\u is the restriction of the sheaf A to U, and Aut (P) is the sheaf of autho- 
morphisms of P so that for an open subset V ofU the group Aut (P)(V) is the group 
of authomorphisms of the restriction rv{P) of P to V. Such an isomorphism is sup- 
posed to commute with morphisms of C and must be compatible with restriction to 
smaller open sets. 

Two gerbes C and P bound by ^ on a manifold M are equivalent if the following 
two conditions are satisfied. 

• For every open subset U of M there is an equivalence of categories (j){U) : 
C{U) so that for every object P of C{U) there is a commutative 
diagram 

Autc(c/)(P) "^-^ Aut^(^)(P) 





T(U,A) 

For every pair of open subsets V,U of M so that V <ZU there is an invertible 
natural transformation 

[5:4>{U)orv ^rcocl){V), 

where 

rc:C{U)^C{V), rv:V{U)^V{V), 

are the restriction natural transformations. It is required that for a triple of 
open set V C U C W in M some compatibility conditions are satisfied (see p. 



200 in jBrlj ). 



With every principal G-bundle n : E ^ B and every central extension of topo- 
logical groups 

1 — >C — >K — >G — >l 

we can associate a gerbe bound by on B. The gerbe Q-^ is derived from the 
sheaf of sections of the bundle n : E ^ B. For every open subset U of B the objects 
and morphisms of Gtt{U) are defined as follows. 
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Every section s : U ^ Tr~^{U) of 'k~^{U) — U can be identified with a G- 
equivariant map 

ts:Tr-\U)^G 

so that for every ^ G Tr~^{U) we have • s{tt{^)) = ^. Let Eg Tr~^{U) 

be the pull-back of principal C-bundle K ^ G from G to 7r~^(C/), by the map 
is : 7r~^(J7) ^ G. It is clear that the composition vr o vr^ : — >■ C/ is a principal 
if-bundle, and hence a reduction of the structure group of 'k~^{U) U to K. The 
objects of Qn{U) arc pairs {E,f) of principal K-bundles tt : E ^ U and principal 
C-bundles f : E 7r~^(J7) so that the diagram 

E ^TT-^{U) 




U 



commutes. A morphism from (E, /) to (E' , /') is a morphism of principal -R'-bundles 
g : E ^ E' so that the diagram 

E ^E' 




commutes. The above condition implies that the group of authomorphisms of any 
object {E,f) of Q-n{U) is the group of maps from U to C, which is the section of 
the sheaf C_f^ over U. Thus Q.,^ is the gerbe bound by C_j^. 

Note, that the gerbe Q.,^ has a global section if and only if there is a reduction of 
the structure group oi tt : E ^ B to K. In particular, if tt : — ^ 5 is a principal 
SC*-bundle, and our extension is the universal extension 

— ^ C* — > EC* — > BC* — > 

then the associated with it : E B gerbe 0-,^ measures the obstruction for the 
existence of a reduction of the structure group oi tt : E ^ B to EC* . Since EC* is 
contractible, every principal £'C*-bundle is trivial. Thus, the gerbe Qt^ has a global 
section if and only if vr : £^ ^ -B is a trivial SC*-bundlc. The same property has the 
gerbe Stt of local sections of the bundle n : E ^ B, which is defined as follows. For 
every open subset U oi M the objects of St^{U) are sections oi n : E ^ B over U. 
Every local section s : U ^ ^^^{U) oi -k : E ^ B induces a BC*-equivariant map 
tg : TT~^{U) BC*, which in turn gives a map Tg = sotg : U — > BC*. Let Lg be the 
principal C*-bundle over U induced by the map Tg. A morphism between the objects 
s, s' G 57r(C/) is a morphism Lg — > Lg/ of the corresponding principal C*-bundles. It 
is clear that S-„^ is a gerbe bound by C^. It is not a difficult exercise to see that the 
natural transformation St^{U) Q-k{U) sending a section s to the pull-back Eg of 
the universal principal C*-bundle by tg is an equivalence of categories that extends 
to an equivalence of gerbes ^ Qt^. 
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The following theorem is an easy consequence of Theorem H (see the introduction) 



and Theorem 5.2.8 from |Brl| 



Theorem A.l. A map which sends to the isomorphism class of a principal BC*- 
bundle tt : E ^ B the equivalence class of the gerbe of section 3-,^ of tt : E ^ B 
induces an isomorphism between the group of isomorphism classes of principal BC*- 
bundles and the group of equivalence classes of gerbes bound by C* . 

Let 5 be a gerbe on M bound by C^/. A connective structure on G is an assignment 
to each object P in G{U) a ^j^^^-torsor Cop on U. That is Cop is a sheaf with an 
action of ^ on Cop such that every point has a neighborhood U with the property 
that for each open set V C U the group Cop{V) is a principal homogeneous space 
under the group T{V,A\.jq). The assignment P i— > Cop{U) should be functorial 
with respect to restriction of U to smaller open set and should be so that for any 
morphism ip : P ^ Q ol objects of Q{U) (necessarily an isomorphism since Q is 
a gerbe), there is an isomorphism ■0* : Cop{U) — > Coq{U) of ^-iovsois, which 
is compatible with composition of morphisms in Q{U) and also compatible with 
restrictions to smaller open sets. If ij} is an automorphism of P induced by a C*- 
valued function g, we require that -0^, be the automorphism V ^ V — ^ of the 
A\^^-toTSOY CopiU). In a similar way one can define a holomorphic connective 
structure on a holomorphic gerbe bound by O^c- 

A connection on a smooth principal -BC*-bundle vr : S — > M induces the 
following connective structure on Q^^. Let U be an open subset of M so that Qn{U) 
is non-empty and let lou be the restriction of uj to 7r~^(f/). To every element {E, f) 
of QiriU) we assign a set Co^{U) of connections on E compatible with to. That is 
Cj G Co'^{U) liqou = f*LU, where q : EC BC and f : E ^ 7:~^{U) is the principal 
C*-bundle. It is easy to see that the assignment lo Co^ is a connective structure 



on Qt^ (for detail see pp. 169-170 in [Brl]). The equivalence of gerbes St^ — > Gn can 



be used to pull-back the connective structure from Q^^ to Sj^. A similar to the above 
construction assigns to a holomorphic connection on a holomorphic principal BC*- 
bundle ii^ ^ A a holomorphic connective structure on the associated with E ^ X 
holomorphic gerbe. 

Theorem A. 2. A map which sends to the isomorphism class of a principal BC*- 
bundle tt : E ^ B with a connection u) the equivalence class of the gerbe of section 
of IT : E ^ B with the connective structure on 5^ induced by uj induces an 
isomorphism between the group of isomorphism classes of principal BC* -bundles 
with connection and the group of equivalence classes of gerbes bound by C* with 
connective structures. 



We leave the proof of this theorem as an exercise for the reader. 
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The Geometric Bar Construction 

The objective of this appendix is twofold. First, we define and review basic 
properties of the geometric bar construction. Second, we explain how the geometric 
bar construction can be derived from the projective space construction. Our basic 



references for the geometric bar construction are |Mm| and the survey paper |Sta|. 

The geometric bar construction assigns to every topological group G a sequence 
of principal G-bundles — > Bn 

G — El c — - E2 ^ — - • • • c — ^ En c — ^ . . . 



pt = Bi C ^ B2 ^ • • • C ^ Bn ■ ■ ■ 

so that for every n > the space En is contractible in En+i- The universal prin- 
cipal G-bundle EG BG is the union |Jn>i Un>i taken with the weak 
topology. 

If G is an abelian topological group, then EG and BG are abelian topological 
groups and the projection EG BG is a continuous homomorphism with G as the 
kernel. 

The geometric bar construction is functorial and it preserves products. That is, 
every continuous homomorphism f : G ^ H induces continuous maps Ef : EG 
EH and Bf : BG — > BH, which are homomorphisms for G abelian, and 

E{G X H) = EG X EH B{G x H) = BG x BH, 

where each product is taken with the compactly generated topology]^. 

If G is a countable CW-group^, then EG and BG are countable CW-complexes. 
In this appendix G is a countable CW-group. Actually, in the main body of the paper 
G is Z, C, C*, S^, or the abelian group of a separable C- vector space. A techincal 
advantage of working with countable CW-groups is that on the spaces appearing in 
the definitions of EG and BG one can take the product, versus compactly generated, 
topology. 

The archetypes of the geometric bar construction are infinite real, complex, and 
quaternionic projective spaces. Actually, Milnor found a construction that associates 
with every topological group G a principal G-bundle E/^G B^G, which is a limit 
of a sequence of principal G-bundles {E/\G)n {B^G)n-, so that for G = S^,S^, 
and 53 the bundle (^aG)„ ^ (-BaG)„ is isomorphic to 5" ^ MP", 52^+1 ^ CP", 
and MP" respectively. 



^To every topological space X one can assign a space {X, k) with compactly generated topology 
so that a set is open in {X, k) if and only if its intersection with every compact subset of X is open. 

topological group G is called a countable CW-group if it is a countable CW-complex so that 
the map g 1— > of G into itself and the product map G x G ^ G are both cellular (that is, they 
carry the fc-skeleton into the fc-skeleton) . 
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A drawback of Milnor's constraction is that for G being an abelian topological 
group the spaces E/^G and B^G are not abelian groups, so the construction cannot 
be iterated. The geometric bar construction is a "normalized version" of Milnor's 
construction that fixes this problem. 

There are several approaches to geometric bar construction (for a survey on this 
subject see UStaj ). Usually, the spaces EG and BG are defined as the quotients 
of the disjoint unions Un>o ^ q^+i ^j^^j Un>o ^ respectively, by cetrain 
equivalence relations. To explain the geometric meaning of these relations we pre- 
ceded the formal definition of geometric bar construction with the Milnor and the 



Dold-Lashof constructions |Mr|, PL 



B.l. The unnormalized geometric bar construction. Let G be a countable 
CW-group. The join G * G is the quotient of the product x G x G of the 
standard 1-simplex 

= {{xo,xi) G M^l xq, xi > 0, xq + xi = 1} 

with G X G by the equivalence relation 

(0,l,go,5i) ~ (0,l,e,gi), (l,0,5o,5i) ~ (l,0,c/o,e) 

where e is the neutral element of G. The equivalence class of the sequence {xq, xi, go, gi) 
will be denoted by x^go © xigi. 

Let / = [0, 1] . The homeomorphism 

A^xGxG — >G X I xG, {xo,xi,go,gi) ^ {go,xi,gi) 

induces a homeomorphisms between G*G and the quotient of the product G x G{G) 
of G with the cone C{G) = / x G/0 x G by the equivalence relation 

(50, ~ (e, 

where \t,g] is the image of the pair {t,g) in G{G). 

The (n + l)-fold join 

G * (n + 1) * G = G * (G * • • • (G * G) • • • ) 

^ V ' 

(n+1) times 

which we will also denote by {Ej\G)n, can be identified with the quotient of the 
product A" X G"""*"^ of the standard simplex 

n 

A" = {(xo,... GM"+V, >0, Y,^^ = ^} 

i=0 

and the (n + l)-fold product G"^^ of G with itself, by the equivalence relation 

(Xo, . . . ,Xi^i,0,Xi^i, . . . ,Xn,go, . . . ,gi, . . . ,gn) ^ 
~(xo,... ,Xi_i,0,Xi+i, ... ,Xn,go, ... ,e, ... ,gn) 
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Actually, if we denote by xogo © ■ ■ ■ © Xngn the equivalence class of the sequence 
(xo, • • • , Xn, go, ■ ■ ■ , then the homeomorphism between {E^G)n and the quotient 
(A" X - is given by 

XQgQ®{l-XQ)[xigi®{l-x{){--- {Xn-ign-\® {'^ - Xn-l)gn) •••)) ^ 

n—1 

1-^ Xogo © (1 - xo)xigi © • • • © (1 - Xi)gn 

1=0 

On the other hand, {E/^G)n = G * {E^G)n-i can be identified with the quotient 
of G X C{{E/^G)n-i) by the quivalence relation 

(5, [l,x])~(e, [l,x]). 

Note that there are inclusions 

{E^G)n-l C{{E^G)n-l) ^-^ {E^G)n 

* 3 

given by i{y) = [1, y] and j{[t, y\) = (1 - i)e © ty. 
Let 

EaG = (J {E^G)n = U C((£;aG)„). 

n>2 n>2 

Since £^aG is the union of cones, it is contractible. 

There is a free action of G on {E^G)n given by 

(18) g ■ {xogo © • • • © Xngn) = xo{ggo) © • • • © Xn{ggn) 

The orbit space of this action is denoted by {B^G)n- For example, {B^G)o is a 
single point and (-BaG)i is the suspension of G. 

Since the actions of G on {E/\G)n and {E^^G)n+i are compatible with the em- 
bedding {E/\G)n C {E^G)n+i, there is a free action of G on E/\G. The quotient 
space {EaG)/G is denoted by BaG and the natural map E^G BaG is Milnor's 
universal principal G-bundle. 

Example B.l. For G = = Z/2Z = {±1} there arc homeomorphisms 

(EaSX ^ 5", (5a5°)„ = MP" 

induced by the map 

iEAS^)n 9 xoao © • • • © t-> (ao\/io, • • • , "nv^) ^ 'S'" 
Similarly, for G = = U{1), = SU{2), or C* there are the following homeomor- 
phisms 

{EaS\ ^ {BaS\ = CP" 

{EaS\ ^ {BaS\ = MP" 

iEAC*)n = 5^"+^ X (M+)"+\ (-BaC*)„ ^ CP" X SI 

where M+ is the set of positive real numbers and 5" is the intersection (M-)_)'*+^ PIS'". 
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Sometimes, it is convenient to replace the diagonal action (|l8|) of G on {Ei^G)n by 
the action of G on the first component of {E^G)n- This can be done by introducing 
a non-homogeneous coordinates on {E/\G)n 

|xo, . . . ,Xn,ho[hi\ ■ ■ ■ \hn]\^ = xogo e xiig^^gi) • • • Xn{g~^ign) 

where {go, ■■■ ,gn) & ho = go, and hi = g~\gi for i > 0. 

The non- homogeneous coordinates on {E^G)n lead to yet another model of 
{E^G)n, due to Dold and Lashof |DL|. For example, in the 2-fold join G * G 
the relations 

Ogo e Igi = Oe e 151 , I50 © Ogi = I50 © Oe 
correspond, in the non-homogeneous coordinates, to the relations 

|0,l,/io[/ii]|^ = \0,l,e[hohi]\^, |l,0, /io[/ii]|^ = |l,0, /io[e]|^ 

Thus, the symbols |xo, xi, /io[/ii] |^ can be identified with the points of the space 

DL{G) = Gx G{G) U^G={Gx G{G) U G)/ ~ 

where /U : G x G — > G is the group operation in G and ~ is an equivalence relation 
identifying (ho, [l,hi]) with fj.{ho,hi) = /iq/ii. 

Note, that there is an action of G on DL{G) given by 

g- (|xo,xi,/io[/ii]|^) = \xo,xi,gho[hi]\^ 

and hence we can apply the above construction to DL{G). 

In general, to any space E with a G-action n : G x E ^ E we can associate the 
space 

DL{E) = Gx G{E) U/, G = (G X C{E) U G)/ ~ 
where ~ is an equivalence relation identifying {h, with fi{h,x), and the action 

G X DL{E) DL{E), g • {h\t\x) = {gh)\t\x 
where h\t\x is the equivalence class of the sequence {h, [t,x]) G G x G{E) in DL{E). 

The spaces DL[E) and G * E are G-equivariantly homeomorphic to each other 
with the G-equivariantly homeomorphisms given by 

DL{E)^G*E, h\t\y^the{l-t){hy) 
G*E^DL{E), xoh® xiy ^ h\xo\h^^y 

Therefore, the bundles DL{E) DL[B) and G * E ^ (G * E)/G are isomorphic. 

Applying n times the Dold-Lashof construction to a topological group G, we get 
a principal G-bundle DL^{G) DL'^[G)/G which is isomorphic to the bundle 

{EAG)n ^ {B^G)n. 



GEOMETRY OF DELIGNE COHOMOLOGY 47 

B.2. The geometric bar construction. In general, the spaces EaG and BaG 
have not group structure, but for G abehan, some quotients of these spaces are 
groups. 

The appropriate quotients are obtained by replacing the cone C{E) in the Dold- 
Lashof construction DL{E) by the reduced cone 

C{E) = {I X E)/{0 X EU I X e) 

where e is a base point of E. For example, for {E, e) = (G, e) where G is a topological 
group with the neutral element e we define 

DL{G) = Gx C{G) G 

The space DL{G) is a quotient of DL{G) by the equivalence relation 

h\t\e = h\0\e. 

The group action of G on DL{G) decents to a group action of G on DL{G). Thus, 
we can iterate this construction getting for every n > 1 a space DL (G) with a free 
action of G on itself. We set {EG)n = DL\G) and {BG)n = DL'{G)/G. 

n 

It is easy to see that {EG)n is the quotient of the disjoint union ]J A"^ x 

m=0 

by the equivalence relations 

{xq, . . . 

J (xo, ... ,Xi + Xj+i, . . . ,Xm,go, ■ ■ ■ ,9i, ■ ■ ■ , 9m) for gi = 9i+i or Xi = 0, < i < m 

|^(a;o, . . . ,Xm-l + Xm,90, ■ ■ ■ ,9m-l) for 9m-l = 9m OT Xrn = 

In the non-homogeneous coordinates on {EG)n the above relations take the form 

{ti, ... ,tm, ho[hi\ ■ ■ ■ \hm]) ~ 

{(^2, ■ ■ ■ ,tm, hohi[h2\ ■ ■ ■ \hm]) for ti = or /lo = e 

{ti, ... ,ti,...,tm, ho[hi\ ■ ■ ■ \hihi+i\ ■ ■ ■ \hm]) for U = U+i or hi = e 
{h, ... ,tm-i,ho[hi\ ■■■ \hm-i]) for tm = 1 ot hm = e 

where < ti < t2 < ■ ■ ■ < ^ 1 are non-homogeneous coordinates on A" related 
with the baricentric coordinated xq, . . . ,Xn on A"^ by the formula 

ti = Xq + Xi + ■■■ + Xi-i. 

The equivalence class of a sequence (xq, ... ,Xm,9o, - ■ ■ ,gm) will be denoted by 
|xo, • . . , Xm, 9o, ■ ■ ■ 1 9m\ and the equivalence class of a sequence (ti, . . . , tm, ^o[^i| " " " \hm\) 
will be denoted by ... ,im)^o[^i| ■■■ \hm]\- 

oo 

The space EG is the quotient of the disjoint union ]J A"* x by the above 

m=0 

equivalence relations. 
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n 

Similarly, {BG)n is the quotient of the disjoint union ]J A*" x by the equiv- 

m=0 

alence relations 

(xo, ... ,Xm,[90- ■■■ ■ gm]) ~ 

J (xo, ... ,Xi + Xi+i, ... ,XmA9o- ■■■ ■ 9i- ■■■ - dm]) for c/j = gi+i oi Xi = 0,0<i <m 

[ (xo, . . . , Xm-1 +Xm,[90- " " " : 5m-l]) for 9m-l = 9mOT Xm = 

where [go : • • • : gm] is the equivalence class of the sequence (^Oj • • • ,9n) £ (5"^+^ by 
the equivalence relation 

(50, • • • , 5n) ~ (990, 991, ■■■ , 99m) 

for any g £ G. 

In the non-homogeneous coordinates on {BG)n the above relations take the form 

(ti, ... [/ill • • • \hm]) ~ 

{t2, ... ,tm,[h2\ ■■■ \hm]) for ti = or /iq = e 

< (ti, ... ,ti,...,tm, [/ill • • • \hihi+i\ ■ ■ ■ \hm\) for U = U+i or hi = e 
{h, ... ,tm-i, [hi\ ■■■ \hm-i\) for tm = l or hm = e 

The equivalence class of a sequence (xq,... ,Xm,[go '■ ■■■ ■ 9m\) will be de- 
noted by I .To , . . . ; .Em ,[90 '■ ■ ■ ■ ■ 9m\ \ the equivalence class of a sequence 
(ti, ... ,tm,[hi\ ■■■ \hm]) will be denoted by \ti, ... ,tm,[hi\ ■■■ \hm]\- 

00 

The space BG is the quotient of the disjoint union ]J A"* x G'^ by the above 

m=0 

equivalence relations. 

The projection EG — > BG is given by the formula 

\xo, ... ,Xm,go,... ,gm\>-^ \xo, ... ,Xm,[90' " " " '■ 9m]\ 

or in the non-homogeneous coordinates by 

1*1, . . . ,tm, ho[hi\ ■ ■ ■ \hm]\ I-*- 1*1, . . . ,tm, [hl\ ■ ■ ■ \hm]\ 

Sometimes it is convenient to write the elements of EG and BG in the form 

|mo, . . . ,mnX,ho[hi\ ■ ■ ■ \hm]\ 

and 

|mo, . . . ,m„x, [/ill • • • \hm\\ 

respectively, which is mixture of the baricentric coordinates on A™ and homogeneous 
coordinates on or G"*. 
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B.3. A simpicial description of the geometric bar construction. The above 
definitions of EG and BG can be interpreted in terms of geometric realizations 
of some simplicial objects. Actually, to every topological group G one can assign 
simplicial topological groups EG. and BG. defined as follows. 

EGn = G"^"*"^, the face homomorphisms di : EGn —>■ EGn-i are given by the 
formula 

diigo,--- ,9n) = (go,-- - ,9i-i,gi,gi+i, ■■■ ,9n) 

or in the non-homogeneous coordinates by 

^o^i[^2|^3| • • • \hn] for z = 

di{hQ[hi\ ■ ■ ■ \hn]) = < /io[/ii| • • • • . . . I^n] for 0<i<n 

ho[hi\ ■ ■ ■ \hn-i] for i = n 

The degeneracy homomorphism Sj : EGn EGn+i are given by the formula 

Si{go,--- ,gn) = {go,-- - ,gi-i,gi,gi,gi+i, ... ,gn) 

or in the non- homogeneous coordinates by 



Siiho[hi\ ■ ■ ■ \hn\) 



ho[e\hi\ ■ ■ ■ \hn] for i = 

ho[hi\ ■ ■ ■ \hi\e\hi^i\ . . . \hn\ for < i < n 
ho[hi\ ■■■ \hn\e] for i = n 



EGn = G^i the face homomorphisms di : BGn BGn-i in the homogeneous 
coordinates on = is given by the formula 

di{[go gn]) = [go- ■■■ gi-i -gi- ■■■ ■ 9n] 

or in the non-homogeneous coordinates by 



di{[hi\ ■■■ \hn]) 



[/l2|/i3| • • • IM 
[hi\ - -- \hi- hi+i\ 
[hi\ ■■■ \hn-l] 



for z = 
\hn\ for < i < n 
for i = n 



The degeneracy homomorphisms Si : BGn BGn+i are given by the formula 

Si{[go ■ : gn]) = [go- ■■■ gi-i ■ gi - gi - ■■■ ■ gn] 

or in the non-homogeneous coordinates by 



Si{[hl\ ■ ■ ■ \hn\) 



[e\hi\ ■ ■ ■ \hn] for i = 

[hi\ ■ ■ ■ \hi\e\hi+i \ . . . \hn] for < i < n 
[/ill • • • \hn\e] for i = n 
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The geometric realization \EG.\ of the simphcial space EG. is by definition the 

oo 

quotient space of the infinite disjoint union ]J A" x G^~^^ by the equivalence rela- 

n=0 

tions 

{d'x,g)r.{x,d,g) for {x, g) e A^^' x G^+' 

{s'x,g)^{x,sfg) for (x,^) G A"+i x 

where the maps 5* : A""^ — > A" and : A"+^ A" are defined in the baricentric 
coordinates by 

d (xQ; • • • ) ^n) — (^^0) • • • ) Xj— 1) 0, Xj, . . . , Xn) 

S (xQ; • • • ) — (xQ) • • • 5 Xj_i, Xj + Xi-i-i, Xi-i-2, • • • ! Xn) 

and in the non-homogeneous coordinates by 

d^{tQ, . . . , tn+l) = {to, . . . , ti,ti,ti+i, . . . , tn+l) 
S*(to, • • • , tn+l) = (^0; • • • ) ti,ti-^.l,ti+2, ■ ■ ■ , tn+l) 

Similarly, the geometric realization \BG.\ of the simplicial space BG. is the quo- 

oo 

tient space of the disjoint union ]J A" x G" by the equivalence relations 

n=0 

{d'x,g)r^{x,dig) for (x,^) G A^-^ x G" 
{s'x,g)^{x,s,g) for (x,^) G A"+i x G" 

B.4. Group structures on EG and BG. The usefulness of the non-homogeneous 
coordinates ti, ... on A" comes from the fact that they supply a very simple 
formula 

{ti, ... ,tn) X {tn+l , ■ ■ ■ , tn+ni+1 ) ^ {tcr{l) i *cr{2) i • • • > i(T{n+m+l) ) 

for a homeomorphism pairing 

where a is a permutation of the set {1, 2, ... ,n + m + 1} such that 

ta{l) < io-(2) < • • • < t(T(n+m+l) • 

Using this pairing we can define, for G an abelian topological group, commutative, 
associative, and continuous pairings 

\ti, ... ,tn, h[hi\ ■■■ \hn\ \ + \ tn+l, ■ ■ ■ , tn+m+1 , h' [hn+l\ ■■■ \ ^n+m+l]] — 

= |*o-(l)) ••• ) *o-(n+m)i ^ ■ ^'[^(t{1) I "■■ l^o-(n+m+l)] | 

and 

1^1) • • • ,tn, [/ill • • • \hn]\ + l^n+l) • • • j^n+m+l; [/in+l| ' ' ' |/in+m+l]| = 

= l^o-(l)) ••• ) t(T(n+m+l) 5 [/^(t{1) I ■■■ |/''o-(n+m+l)] I 



on EG and BG respectively, which induce group structure on these spaces |IVIm|. 
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The above group parings can be interpreted as the compositions 

EGxEG = \EG.\ X \EG.\ \EG. x EG.\ \E{G x G).| ^ \EG.\ = EG 

BGxBG= \BG.\ x \BG.\ ^ \BG. x BG.\ ^ \B{G x G).\ \BG.\ = BG 

where (p and (p are the commutativity of geometric rcahzation and product opera- 
tions homeomorphisms, ^ and ip are induced by the maps 

EG'fi X EGfi — ^ EG^ 

{go,-- - ,9n) X {g'o,--- ,9n) ((50,50), ■■■ ,i9n,9n)) 

and 

BGn X BGn ^ BGn 

[90 ■■ ■■■ : 5n] X [£?o : • • • : 5n] '-^ [(fo, 9o)- " " " ■ i9n, 9n)] 
respectively, and \fl\, are induced by the simphcial morphisms 

/X : E{G X G). — > EG. 

^{{90,90), • • • , (.9n,9'n)) = {9090, ■ ■ ■ ,9n9'n) 

and 

II : B{G X G). — > BG. 

K[{90,9'o) ■■■■■■■ {9n,9'n)]) = [gog'o - ■■■ - 9n9n] 

which are well defined only when the multiplication pairing /x:GxG— >Gisa 
homomorphism, or equivalently, when G is an abelian group. 

References 

[Bei] A. A. Beilinson, Higher regulators and values of L-functions, J. Soviet Math. 30 (1985), 
2036-2070. 

[Brl] J.-L. Brylinski, Loop spaces, characteristic classes, and geometric quantization, Birkhauser, 
1992. 

[Br2] J.-L. Brylinski, Holomorphic gerbs and the Beilinson regulator, preprint, 1993. 

[CS] J. Cheeger and J. Simons, Differential characters and geometric invariants. Geometry and 

Topology (Berlin) (J. Alexander and J. Harer, eds.). Lecture Notes in Mathematics, vol. 

1167, Springer Verlag, Berlin, 1985, pp. 50-80. 
[DL] A. Dold and R. Lashof, Principal fibrations and fibre homotopy equivalence of bundles, Illinois 

J. Math. 3 (1959), 285-305. 
[EV] H. Esnault and E. Viehweg, Deligne-Beilinson cohomology, Beilinson's Conjectures on Special 

Values of L-functions (M. Rapoport, N. Shappacher, and P. Schneider, eds.). Perspectives in 

Mathematics, vol. 4, Academic Press, 1988, pp. 43-92. 
[Gir] J. Giraud, Cohomologie non-abelienne, Grundl., vol. 179, Springer- Verlag, 1971. 
[Kar] M. Karoubi, Formes topologiques non commutatives, ESI Preprint no. 112 (1994). Available 

via anonymous ftp or gopher from ftp.esi.ac.at. 
[Mr] J. W. Milnor, Construction of universal bundles, II, Ann. of Math. (2) 63 (1956), no. 3, 

430-436. 

[Mm] J. Milgram, The bar construction and abelian h-spaces, Illinois J. Math. 11 (1967), 242-250. 



52 



PAWEL GAJER 



[RSS] M. Rapoport, N. Shappacher, and P. Schneider (eds.), Beilinson's conjectures on special 

values of L-functions, Perspectives in Mathematics, vol. 4, Academic Press, 1988. 
[Sta] J.D. Stasheff, H-spaces and classifying spaces: Foundations and recent developments, Proc. 

of Sympos. Pure Math., vol. 22, AMS, 1971, pp. 247-272. 
[tD] T. tom Dieck, Klassifikation numerierbarer Biindel, Arch. Math. (Basel) 17 (1966), 395-399. 

Department of Mathematics, Texas A&M University, College Station, TX 77843- 
3368 



E-mail address: gajerOmath.tamu.edu 



